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$EVWUDFW

,Q WKLV SDSHU ZH GHILQH IRUPDOO\ D ZLGH YDULHW\ RI

VHSDUDWLRQ�RI�GXW\ �6R'� SURSHUWLHV� ZKLFK LQFOXGH WKH

EHVW NQRZQ WR GDWH� DQG HVWDEOLVK WKHLU UHODWLRQVKLSV

ZLWKLQ D IRUPDO PRGHO RI UROH�EDVHG DFFHVV FRQWURO

�5%$&�� 7KH IRUPDOLVP KHOSV UHPRYH DOO DPELJXLWLHV RI

LQIRUPDO GHILQLWLRQ� DQG RIIHUV D ZLGH FKRLFH RI

LPSOHPHQWDWLRQ VWUDWHJLHV� :H DOVR H[SORUH WKH

FRPSRVDELOLW\ RI 6R' SURSHUWLHV DQG SROLFLHV XQGHU D

VLPSOH FULWHULRQ� :H FRQFOXGH WKDW SUDFWLFDO

LPSOHPHQWDWLRQ IRU 6R' SROLFLHV UHTXLUHV QHZ PHWKRGV

DQG WRROV IRU VHFXULW\ DGPLQLVWUDWLRQ HYHQ ZLWKLQ

DSSOLFDWLRQV WKDW DOUHDG\ VXSSRUW 5%$&� VXFK DV PRVW

GDWDEDVH PDQDJHPHQW V\VWHPV�

���,QWURGXFWLRQ

$V D VHFXULW\ SULQFLSOH� VHSDUDWLRQ RI GXW\ �6R'� KDV

KDG ZLGH DSSOLFDWLRQ LQ EXVLQHVV� LQGXVWU\� DQG

JRYHUQPHQW >�� �� �@� ,WV SXUSRVH LV WR HQVXUH WKDW IDLOXUHV

RI RPLVVLRQ RU FRPPLVVLRQ ZLWKLQ DQ RUJDQL]DWLRQ DUH

FDXVHG RQO\ E\ FROOXVLRQ DPRQJ LQGLYLGXDOV DQG�

WKHUHIRUH� DUH ULVNLHU DQG OHVV OLNHO\� DQG WKDW FKDQFHV RI

FROOXVLRQ DUH PLQLPL]HG E\ DVVLJQLQJ LQGLYLGXDOV RI

GLIIHUHQW VNLOOV RU GLYHUJHQW LQWHUHVWV WR VHSDUDWH WDVNV� )RU

H[DPSOH� 6R' LV HQDFWHG ZKHQHYHU FRQIOLFW RI LQWHUHVW

PD\ RWKHUZLVH DULVH LQ DVVLJQPHQW RI WDVNV ZLWKLQ DQ

RUJDQL]DWLRQ�

$V DQ DSSOLFDWLRQ�GHVLJQ SULQFLSOH� 6R' UHTXLUHV WKH

IROORZLQJ WKUHH ZHOO�XQGHUVWRRG GHVLJQ DQG

LPSOHPHQWDWLRQ VWHSV�

,QWHJULW\ 3URSHUW\ 'HILQLWLRQ� :LWKLQ DQ DSSOLFDWLRQ

GRPDLQ� WKH DLP RI 6R' LV GHILQHG E\ LQWHJULW\ SURSHUWLHV�

7KHVH SURSHUWLHV PD\ UHTXLUH WKDW HDFK DSSOLFDWLRQ LQFOXGH

LQGHSHQGHQW� UHGXQGDQW IXQFWLRQV ZKRVH UHVXOWV PXVW

PDWFK WR HQDEOH D VHQVLWLYH WDVN �H�J�� WKH UHVXOWV RI WZR

RUWKRJRQDO VLQJOH�HQWU\ DFFRXQWLQJ DFWLYLWLHV PXVW PDWFK�

WZR SHUVRQV PXVW DSSURYH WKH H[HFXWLRQ RI DQ DFWLRQ VXFK

DV VLJQLQJ D FKHFN� LQVWDOOLQJ D FU\SWR NH\� RU ODXQFKLQJ D

PLVVLOH�� 2U� WKH\ PD\ UHTXLUH WKDW DQ DSSOLFDWLRQ HQDFW

FRQIOLFW�RI�LQWHUHVW UHVROXWLRQ E\ HVWDEOLVKLQJ EDODQFHV DQG

FKHFNV DPRQJ LWV WDVNV �H�J�� GLIIHUHQW XVHUV DUH UHTXLUHG WR

SHUIRUP DVVHW DFFRXQWLQJ DQG FRQWURO� RU V\VWHP VHFXULW\

DGPLQLVWUDWLRQ DQG DXGLWLQJ��

$SSOLFDWLRQ 'HVLJQ� 7KH REMHFWV DQG RSHUDWLRQV RI DQ

DSSOLFDWLRQ VXEMHFW WR 6R' DUH SDUWLWLRQHG WR LPSOHPHQW�

PDLQWDLQ� DQG YHULI\ WKH LQWHJULW\ SURSHUWLHV� )RU H[DPSOH�

DSSOLFDWLRQ SDUWLWLRQLQJ PD\ VHSDUDWH WKH RSHUDWLRQV WKDW

SHUIRUP DFFRXQWV�SD\DEOH� SXUFKDVLQJ� DQG SD\UROO WDVNV�

,W PD\ IXUWKHU VHSDUDWH FKHFN UHDGLQJ�ZULWLQJ IURP VLJQLQJ

RSHUDWLRQV ZLWKLQ ERWK DFFRXQWV�SD\DEOH DQG SD\UROO WDVNV�

DQG SXUFKDVH�RUGHU UHDGLQJ�ZULWLQJ IURP VLJQLQJ

RSHUDWLRQV ZLWKLQ SXUFKDVLQJ WDVNV�

8VHU $VVLJQPHQW WR $SSOLFDWLRQ 3DUWLWLRQV� 8VHUV RI

GLIIHUHQW VNLOOV RU LQWHUHVWV DUH DVVLJQHG WR RSHUDWH LQ

GLIIHUHQW DSSOLFDWLRQ SDUWLWLRQV� 7KHVH DVVLJQPHQWV PD\

ODVW IRU OLPLWHG SHULRGV RI WLPH� DQG PD\ FKDQJH

G\QDPLFDOO\� %\ SHUIRUPLQJ VXFK DVVLJQPHQWV� DSSOLFDWLRQ

DGPLQLVWUDWLRQ HQVXUHV WKDW XVHU FROOXVLRQ LV UHTXLUHG WR

EUHDFK LQWHJULW\ SURSHUWLHV� DQG WKDW FKDQFHV RI FROOXVLRQ

DUH PLQLPL]HG�

'HVSLWH LWV LPSRUWDQFH DV D VHFXULW\ SULQFLSOH DQG LWV

ZHOO�XQGHUVWRRG DSSOLFDWLRQ LQ EXVLQHVV� LQGXVWU\� DQG

JRYHUQPHQW� IHZ FRPSXWHU V\VWHPV KDYH VXSSRUWHG 6R'

DV D VHFXULW\ SROLF\ WR GDWH >��� ��@� :H DWWULEXWH WKH ODFN

RI ZLGH�VSUHDG VXSSRUW WR WKUHH VHSDUDWH UHDVRQV� )LUVW�

6R' LV DQ LQKHUHQWO\ DSSOLFDWLRQ�RULHQWHG SROLF\ DQG�

WKXV� KDV EHHQ SHUFHLYHG WR \LHOG OLPLWHG SD\RII IRU

RSHUDWLQJ V\VWHPV DQG QHWZRUNV� VLQFH LW FDQQRW EH XVHG DV

D JOREDO� V\VWHP�ZLGH VHFXULW\ SROLF\� 6HFRQG� ZKHQ WKH

6R' SULQFLSOH LV LQWHUSUHWHG ZLWKLQ GLIIHUHQW DSSOLFDWLRQV�

LW PD\ \LHOG PDQ\ GLIIHUHQW 6R' SROLFLHV DQG� WKXV�

VXSSRUW RI DOO SROLFLHV LV SHUFHLYHG WR UHTXLUH ERWK

VXEVWDQWLDO V\VWHP IOH[LELOLW\ >��@ DQG UHFXUUHQW

DGPLQLVWUDWLYH FRVWV �� DQ XQPLVWDNDEOH UHFLSH IRU ERWK

V\VWHP�YHQGRU DQG PDUNHW UHVLVWDQFH LQ WKH DEVHQFH RI

DGYDQFHG SROLF\�DGPLQLVWUDWLRQ WRROV� 7KLUG� PRVW 6R'

SROLFLHV SURSRVHG WR GDWH KDYH EHHQ RQO\ LQIRUPDOO\



GHILQHG DQG� WKHUHIRUH� VXEMHFW WR DPELJXRXV RU

LQFRPSOHWH VSHFLILFDWLRQV� DQG OLPLWHG DVVXUDQFH� $V D

FRQVHTXHQFH� ERWK UHODWLRQVKLSV DPRQJ 6R' SURSHUWLHV

DQG SROLF\ FRPSRVDELOLW\ �� DQ LPSRUWDQW UHTXLUHPHQW IRU

DOO DSSOLFDWLRQ�RULHQWHG SROLFLHV �� FRXOG QRW EH HDVLO\

HVWDEOLVKHG�

7KH SHUFHLYHG GLVDGYDQWDJHV RI 6R' DV D IDPLO\ RI

DSSOLFDWLRQ�RULHQWHG SROLFLHV FDQ EH PLWLJDWHG E\ WZR

IDFWRUV� )LUVW� JURZLQJ LQWHUHVW LQ LQWHUQHW DSSOLFDWLRQV DQG

WKHLU VHFXULW\ PD\ OHDG WR WKH GHYHORSPHQW RI YHUVDWLOH

6R' SROLFLHV DQG DGPLQLVWUDWLYH WRROV DW D FRVW PDGH

UHDVRQDEOH E\ WKH HFRQRPLHV RI VFDOH� 6HFRQG� EHWWHU

XQGHUVWDQGLQJ RI 6R' SROLFLHV IRU FRPSXWHU V\VWHPV YLD

SUHFLVH� SRVVLEO\ IRUPDO� GHILQLWLRQ PD\ UHPRYH WKH DXUD

RI FRPSOH[LW\ DVVRFLDWHG ZLWK WKHVH SROLFLHV� WKHUHE\

IDFLOLWDWLQJ WKHLU DFFHSWDQFH�

,Q WKLV SDSHU ZH GHILQH D VHW RI 6R' SROLFLHV

�6HFWLRQV � DQG ��� ZKLFK LQFOXGHV WKH EHVW�NQRZQ RQHV

>��@� DQG HVWDEOLVK WKHLU UHODWLRQVKLSV ZLWKLQ D IRUPDO

PRGHO RI UROH�EDVHG DFFHVV FRQWURO �5%$&� >�@� 7KH

IRUPDOLVP �6HFWLRQV � DQG �� KHOSV UHPRYH DPELJXLWLHV RI

LQIRUPDO GHILQLWLRQ DQG RIIHUV D ZLGH FKRLFH RI

LPSOHPHQWDWLRQ VWUDWHJLHV� :H DOVR H[SORUH WKH

FRPSRVDELOLW\ RI WKHVH SROLFLHV XQGHU D VLPSOH FULWHULRQ�

DQG LGHQWLI\ FODVVHV RI SROLFLHV WKDW DUH� RU DUH QRW�

FRPSRVDEOH �6HFWLRQ ��� :H FRQFOXGH �6HFWLRQ �� WKDW

SUDFWLFDO LPSOHPHQWDWLRQ IRU 6R' SROLFLHV UHTXLUHV QHZ

PHWKRGV DQG WRROV IRU VHFXULW\ DGPLQLVWUDWLRQ� HYHQ ZLWKLQ

DSSOLFDWLRQV WKDW VXSSRUW 5%$&� VXFK DV PRVW GDWDEDVH

PDQDJHPHQW V\VWHPV >��@�

���6SHFLILFDWLRQ�RI�6R'�3ROLFLHV

,Q WKLV VHFWLRQ� ZH GHILQH WKH VWUXFWXUH RI D 6R'

SROLF\ DV D FRQMXQFWLRQ RI FRQVWLWXHQW SURSHUWLHV �RU

SUHGLFDWHV� RI V\VWHP VWDWHV DQG VWDWH WUDQVLWLRQV� RU RI

FRPPDQG VHTXHQFHV �RU WUDFHV� H[HFXWHG E\ V\VWHPV� 7R

YLHZ VHFXULW\ SROLFLHV DV FRQMXQFWLRQV RI SURSHUWLHV LV

DSSHDOLQJ EHFDXVH LW KHOSV GHWHUPLQH VHFXULW\�SROLF\

HIIHFWLYHQHVV >��@ �� E\ DVVLJQLQJ HDFK SURSHUW\ D UROH LQ

FRXQWHULQJ D WKUHDW �� DQG UHODWLYH VWUHQJWK �� E\ �SDUWLDOO\�

RUGHULQJ WKH WKUHDWV FRXQWHUHG E\ SROLF\ SURSHUWLHV�

+RZHYHU� ZH DGRSW WKLV YLHZ EHFDXVH ZH DUH LQWHUHVWHG LQ

GHILQLQJ VHFXULW\ SROLFLHV E\ SURSHUW\ FRPSRVLWLRQ� 7KLV

DOORZV XV WR XVH VLPLODU FRPSRVLWLRQ FULWHULD IRU

LQFUHPHQWDO SURSHUW\ DGGLWLRQ WR� UHPRYDO IURP� RU

PRGLILFDWLRQ RI H[WDQW SROLFLHV� )RU H[DPSOH� ZH GHILQH

6R' SROLFLHV ERWK E\ LQFUHPHQWDO DGGLWLRQ RI QHZ

SURSHUWLHV WR FRQMXQFWLRQV RI 5%$& SURSHUWLHV DQG E\

FRPSRVLQJ H[WDQW 6R' SROLFLHV�

��� 'HSHQGHQFLHV $PRQJ 3ROLF\ 3URSHUWLHV

$OWKRXJK YLHZLQJ VHFXULW\ SROLFLHV DV FRPSRVLWLRQV

RI VHFXULW\ SURSHUWLHV �L�H�� E\ FRQMXQFWLRQ� LV DSSHDOLQJ�

FDUH PXVW EH H[HUFLVHG EHFDXVH WKH FRPSRVLWLRQ RI

LQGHSHQGHQW VHFXULW\ SURSHUWLHV GRHV QRW QHFHVVDULO\

GHILQH D SROLF\� 7KH UHDVRQ IRU WKLV LV WKDW WKH SURSHUWLHV RI

D SROLF\ DUH QRW LQGHSHQGHQW� L�H�� ERWK LQGLYLGXDO DQG

JURXSV RI SURSHUWLHV PD\ GHSHQG RQ RWKHU SURSHUWLHV RI

WKH FRQMXQFWLRQ WR FRXQWHU D VSHFLILF VHW RI WKUHDWV�

,JQRULQJ GHSHQGHQFLHV DPRQJ SROLF\ SURSHUWLHV KDV

XQGHVLUDEOH HIIHFWV
�
� )RU H[DPSOH� WKH LQDGYHUWHQW

RPLVVLRQ RU LQFRUUHFW PRGLILFDWLRQ RI DQ\ SURSHUW\ WKDW LV

GHSHQGHG XSRQ E\ RWKHUV PD\ FDXVH WKH SROLF\ WR EHFRPH

LQHIIHFWLYH� XQGHILQHG RU LQFRUUHFWO\ GHILQHG� RU HPSW\�

)XUWKHUPRUH� DQDO\VLV RI SROLF\ HIIHFWLYHQHVV� UHODWLYH

VWUHQJWK� DQG FRPSRVDELOLW\ PD\ \LHOG LQFRQVLVWHQW RU

LQFRUUHFW UHVXOWV ZLWKRXW DQDO\VLV RI SURSHUW\

GHSHQGHQFLHV� ,Q 6HFWLRQ �� ZH VKRZ WKDW SURSHUW\

RPLVVLRQ FDQ FDXVH SROLFLHV ZKLFK DUH RWKHUZLVH QRW

FRPSRVDEOH WR DSSHDU WR EH FRPSRVDEOH� �)RU VLPLODU

UHDVRQV� WKH LGHQWLILFDWLRQ RI GHSHQGHQFLHV DPRQJ WKH

SURSHUWLHV RI FU\SWRJUDSKLF SURWRFROV LV DOVR FRQVLGHUHG

LPSRUWDQW >��@��

7R LOOXVWUDWH WKH QRWLRQ RI GHSHQGHQF\ DPRQJ SROLF\

SURSHUWLHV� FRQVLGHU WKH IROORZLQJ WKUHH W\SHV RI

SURSHUWLHV� DFFHVV�DWWULEXWH �$7�� DFFHVV�DXWKRUL]DWLRQ

�$$�� DQG DFFHVV�PDQDJHPHQW �$0� SURSHUWLHV� $FFHVV

DWWULEXWHV LQFOXGH VXEMHFW DQG REMHFW DWWULEXWHV �H�J�� XVHU�

JURXS� UROH� ORFDWLRQ LGHQWLILHUV� VHFUHF\ DQG LQWHJULW\

OHYHOV� WLPH�RI�DFFHVV LQWHUYDOV�� DQG $7 SURSHUWLHV

W\SLFDOO\ HVWDEOLVK LQYDULDQW UHODWLRQVKLSV DPRQJ DWWULEXWHV

�H�J�� ODWWLFHV RI VHFUHF\ DQG LQWHJULW\ OHYHOV� XVHU�JURXS

PHPEHUVKLS LQYDULDQWV� LQKHULWDQFH RI UROH SHUPLVVLRQV��

$$ SURSHUWLHV GHWHUPLQH ZKHWKHU D VXEMHFW¶V FXUUHQW

DFFHVV DWWULEXWHV VDWLVI\ WKH FRQGLWLRQV IRU DFFHVVLQJ DQ

REMHFW JLYHQ WKH FXUUHQW REMHFW DWWULEXWHV� ,Q FRQWUDVW� $0

SURSHUWLHV LQFOXGH FRQGLWLRQV XQGHU ZKLFK VXEMHFWV DUH

JUDQWHG RU UHYRNHG DWWULEXWHV IRU DFFHVVLQJ REMHFWV�

VXEMHFWV DQG REMHFWV DUH FUHDWHG RU GHVWUR\HG� REMHFWV DUH

HQFDSVXODWHG ZLWKLQ SURWHFWHG VXEV\VWHPV� ,Q JHQHUDO� $0

SURSHUWLHV FKDUDFWHUL]H FRPPDQGV DQG FRQVWUDLQWV WKDW

EULQJ WKH V\VWHP WR GHVLUHG VWDWHV� ZKHUHDV $$ SURSHUWLHV

FKDUDFWHUL]H FRQVWUDLQWV WKDW HQVXUH WKDW WKH V\VWHP

UHPDLQV LQ GHVLUHG VWDWHV�

������������������������������������������������
� 7KH QRWLRQ RI GHSHQGHQF\ DPRQJ WKH SROLF\ SURSHUWLHV �D�N�D�

GHSHQGHQFLHV DPRQJ SROLF\ ³IXQFWLRQDO´ UHTXLUHPHQWV� LV QHLWKHU QHZ

QRU QRYHO� ,W KDV DOUHDG\ UHFHLYHG H[WHQVLYH FRYHUDJH LQ WKH VHFXULW\�

VWDQGDUGV OLWHUDWXUH >�� �� ��@ ZKHUH WHPSODWHV IRU GHILQLQJ SROLF\

SURSHUWLHV DUH SURYLGHG WR HQDEOH SROLF\ DQDO\VLV DQG HYDOXDWLRQ�



$ W\SLFDO GHSHQGHQF\ DULVHV EHWZHHQ $$ DQG $0

SURSHUWLHV EHFDXVH WKH YDOXHV RI WKH DWWULEXWHV XVHG E\ WKH

IRUPHU IRU DFFHVV GHFLVLRQV DUH GHWHUPLQHG E\ WKH ODWWHU

�L�H�� $$ SURSHUWLHV KDYH D ³XVHV´ GHSHQGHQF\ RQ $0

SURSHUWLHV�� +HQFH� ZKHWKHU DQ $$ SURSHUW\ KROGV LQ D

VWDWH GHSHQGV QRW RQO\ RQ WKH SURSHUW\ �SUHGLFDWH� LWVHOI

EXW DOVR RQ WKH GHILQHG $0 SURSHUWLHV� %RWK $$ DQG $0

SURSHUWLHV KDYH ³XVHV´ GHSHQGHQFLHV RQ $7 SURSHUWLHV�

)XUWKHUPRUH� $0 SURSHUWLHV DOVR KDYH ³XVHV´

GHSHQGHQFLHV RQ $$ SURSHUWLHV ZKHQHYHU REMHFW DWWULEXWHV

WKHPVHOYHV DUH WUHDWHG DV REMHFWV DQG� KHQFH� EHFRPH WKH

WDUJHW RI DFFHVV DXWKRUL]DWLRQ� 7HFKQLTXHV WR UHGHILQH

SROLF\ SURSHUWLHV WR DYRLG WKLV F\FOLF GHSHQGHQF\� DQG

RWKHU XQGHVLUDEOH RQHV� DUH SUHVHQWHG HOVHZKHUH >�@�

*URXSV RI SROLF\ SURSHUWLHV PD\ DOVR GHSHQG XSRQ

LQGLYLGXDO SURSHUWLHV XVHG LQ WKH VDPH FRQMXQFWLRQ� )RU

H[DPSOH� WKH SURSHUW\ 3  $7 � $$ � $0� GHSHQGV RQ DQ

$0 SURSHUW\� GHQRWHG E\ $GPLQ�3�� ZKLFK UHTXLUHV WKDW

DGPLQLVWUDWLYH FRPPDQGV KDYH WKH DELOLW\ WR EULQJ WKH

V\VWHP IURP DQ DUELWUDU\ VWDWH WR D VWDWH �RU DQ\ VWDWH� WKDW

VDWLVILHV 3� $GPLQ�3� LV IRUPDOO\ GHILQHG LQ 6HFWLRQ ��

8QOHVV $GPLQ�3� LV VDWLVILHG� WKH SROLF\ GHILQHG E\

SURSHUW\ 3 LV HPSW\ EHFDXVH WKH V\VWHP RSHUDWLQJ XQGHU 3

FDQ QHLWKHU VWDUW IURP� RU UHFRYHU WR� D VHFXUH VWDWH >��@

QRU UHDFK D VHFXUH VWDWH IURP DQRWKHU VHFXUH VWDWH XQGHU

DGPLQLVWUDWLYH FRQWURO�

)RU DSSOLFDWLRQ�RULHQWHG SROLFLHV� VXFK DV 6R'� WKH

FRPSRVLWLRQ RI LQGHSHQGHQW VHFXULW\ SURSHUWLHV GRHV QRW

QHFHVVDULO\ GHILQH D XVDEOH SROLF\� 7R EH XVHIXO� SURSHUW\

3  $7 � $$ � $0 PXVW EH FRPSDWLEOH ZLWK WKH

DSSOLFDWLRQ IRU ZKLFK LW ZDV GHVLJQHG� ,QIRUPDOO\� WKLV

PHDQV WKDW 3 PD\ QRW XQMXVWLILDEO\ GHQ\ WKH H[HFXWLRQ RI

WKH DSSOLFDWLRQ� H�J�� DQ $0 SURSHUW\ VKRXOG QRW JUDQW

XVHUV WRR IHZ� RU LQFRQVLVWHQW� SHUPLVVLRQV IRU DSSOLFDWLRQ

H[HFXWLRQ� 7KLV SURSHUW\� GHQRWHG E\ &RPSDW�3� $SS��

ZKHUH $SS LV WKH DSSOLFDWLRQ� LV IRUPDOO\ GHILQHG LQ

6HFWLRQ ��

��� 6WUXFWXUH RI 6R' 3ROLFLHV LQ 5%$& 6\VWHPV

$ VHFXULW\ SROLF\ 3 FDQ EH GHILQHG DV�

3  3 � $GPLQ�3��

ZKHUH 3  $7 � $$ � $0� 7KH SURSHUW\ 3 LWVHOI PD\ KDYH

RWKHU SURSHUWLHV LQ DGGLWLRQ WR $GPLQ�3�� H�J�� DSSOLFDWLRQ�

RULHQWHG SROLFLHV� VXFK DV 6R'� DOVR LQFOXGH SURSHUW\

&RPSDW�3� $SS�� :H VSHFLI\ 6R' SROLFLHV DV LQFUHPHQWDO

FRQMXQFWLRQV RI SURSHUWLHV WR 5%$& SROLFLHV� 7KDW LV�

6R'�3  6R'�3�$GPLQ�6R'�3��&RPSDW�6R'�3� $SS�

� 5%$&�3

ZKHUH 5%$&�3  5%$&�3 � $GPLQ�5%$&�3�� DQG ERWK

6R'�3 DQG 5%$&�3 DUH FRQMXQFWLRQV RI $7� $0� DQG $$

SURSHUWLHV� 6RPH� EXW QRW DOO� SURSHUWLHV RI 6R'�3 PD\ EH

HPSW\�

7KH VSHFLILFDWLRQ RI 6R' SROLFLHV DV LQFUHPHQWDO

DGGLWLRQV RI VSHFLILF SURSHUWLHV WR 5%$& SROLFLHV LV ERWK

XVHIXO DQG MXVWLILHG LQ SUDFWLFH� ,W LV XVHIXO EHFDXVH D ODUJH

QXPEHU RI SURSHUWLHV WKDW DUH FRPPRQ WR DOO 6R' SROLFLHV

DUH SDUW RI 5%$& PRGHOV� )RU H[DPSOH� 5%$& IRUPDO

PRGHOV >�@ LQFOXGH ERWK IOH[LEOH $$ DQG $0 SURSHUWLHV

DQG� KHQFH� $0 DQG $$ SURSHUWLHV RI 6R' FDQ EH GHILQHG

DV LQFUHPHQWDO SURSHUWLHV �L�H�� SUHGLFDWHV RQ WKH W\SHV�

IXQFWLRQV� VWDWHV� DQG VWDWH WUDQVLWLRQV� RI 5%$&� ,Q

SUDFWLFH� PRVW 6R' SROLFLHV DUH LPSOHPHQWHG DWRS V\VWHPV

WKDW VXSSRUW 5%$& SROLFLHV� 5%$& HQDEOHV WKH

SDUWLWLRQLQJ RI DSSOLFDWLRQ RSHUDWLRQV DQG REMHFWV� DQG

DOVR WKH VHOHFWLYH DVVLJQPHQW RI UROHV WR DSSOLFDWLRQ

RSHUDWLRQV DQG XVHUV �WZR RI WKH NH\ VWHSV LQ 6R' SROLF\

GHVLJQ SUHVHQWHG LQ 6HFWLRQ ���

���6HFXUH�5%$&�6\VWHPV�DQG�$SSOLFDWLRQV

,Q WKLV VHFWLRQ ZH GHILQH WKH W\SHV� IXQFWLRQV� DQG

SURSHUWLHV RI D 5%$& V\VWHP WKDW DUH QHFHVVDU\ WR GHILQH

6R' SURSHUWLHV� 7KH IRUPDO 5%$& PRGHO� ZKLFK FRQVLVWV

RI D FRQMXQFWLRQ RI 5%$& SROLF\ SURSHUWLHV� LV SUHVHQWHG

HOVHZKHUH >�@�

:H FRQVLGHU D 5%$& V\VWHP WR EH GHILQHG E\ D VWDWH

PDFKLQH PRGHO� :H GHQRWH WKH VHW RI V\VWHP VWDWHV E\

67$7(6� WKH VHW RI VXEMHFWV E\ 68%-(&76� WKH VHW RI

XVHUV E\ 86(56� WKH VHW RI RSHUDWLRQV E\ 23(5$7,216�

DQG WKH VHW RI REMHFWV E\ 2%-(&76� $ 5%$& V\VWHP LV

FKDUDFWHUL]HG E\ WKH IDFW WKDW D XVHU¶V ULJKWV WR DFFHVV

REMHFWV DUH GHILQHG E\ WKH XVHU¶V PHPEHUVKLS WR D ³UROH´

DQG E\ WKH UROHV¶ SHUPLVVLRQV WR SHUIRUP RSHUDWLRQV RQ

WKRVH REMHFWV� +HQFH� D UROH LV D FROOHFWLRQ RI RSHUDWLRQV

RQ REMHFW VHWV� 7KH FODVV RI UROHV� 52/(6� LV D VXEVHW RI

�
�23(5$7,216
2%-(&76×

� 7KH IXQFWLRQ

DXWK � 67$7(6u52/(6u2%-(&76o�
23(5$7,216

GHILQHV WKH RSHUDWLRQV DOORZHG WR HDFK UROH LQ HDFK VWDWH RI

WKH V\VWHP�

∀ ∈ ∀ ∈ ∀ ∈
∀ ∈ ∈ ⇔
∃ ⊆ ∈ ∧ ∈

V 67$7(6 RS 23(5$7,216 U 52/(6

REM 2%-(&76 RS DXWK V U REM

REMVHW 2%-(&76 REM REMVHW RS REMVHW U

� � �

� � � � �

� � � � �

7KH IXQFWLRQ UROHBPHPEHUV�52/(6o�
86(56

GHILQHV

WKH XVHUV DVVLJQHG WR D JLYHQ UROH�

7KH IXQFWLRQ VXEMHFWBXVHU� 68%-(&76o86(56

UHWXUQV WKH XVHU DVVRFLDWHG ZLWK WKH VXEMHFW�

7KH IXQFWLRQ

VXEMHFWBUROHV�67$7(6u68%-(&76o�
52/(6

UHWXUQV WKH UROHV DVVXPHG E\ D XVHU LQ D JLYHQ VWDWH ZKLOH

H[HFXWLQJ D JLYHQ VXEMHFW� 7KHVH UROHV PXVW KDYH EHHQ

DVVLJQHG WR WKH VXEMHFW¶V XVHU�



7KH IXQFWLRQ

FXUUHQWBUROHBVHW�67$7(6u86(56o�
52/(6

LV GHILQHG DV IROORZV�

∀ ∈ ∀ ∈
=

∈
=

V 67$7(6 X 86(56

FXUUHQW UROH VHW V X VXEMHFW UROHV 6
6 68%-(&7

VXEMHFW XVHU 6 X

� �

B B � � � B � �

B � �

��

,I U�FXUUHQWBUROHBVHW�V� X�� WKHQ ZH VD\ WKDW WKH UROH U

LV HQDEOHG RU DFWLYH IRU WKH XVHU X LQ VWDWH V�

(DFK VWDWH WUDQVLWLRQ LV GHILQHG E\ D FRPPDQG RI WKH

IRUP RS�V�� 6� REM� V��� ZKHUH WKH VXEMHFW 6 SHUIRUPV WKH

RSHUDWLRQ RS RQ WKH REMHFW RU REMHFWV GHQRWHG E\ REM�

WKHUHE\ FKDQJLQJ WKH V\VWHP VWDWH IURP V� WR V�� $FFHVV

DXWKRUL]DWLRQ LQ 5%$& UHTXLUHV WKDW WKH VWDWH WUDQVLWLRQ

RS�V�� 6� REM� V�� WDNH SODFH RQO\ LI DW OHDVW RQH RI WKH UROHV

LQ VXEMHFWBUROHV�V�� 6� KDV WKH SHUPLVVLRQ WR SHUIRUP WKH

RSHUDWLRQ RS RQ WKH REMHFW� RU REMHFWV� REM� )RUPDOO\�

RS�V�� 6� REM� V���

�U�VXEMHFWBUROHV�V�� 6�� RS�DXWK�V�� U� REM��

$ FRPPDQG VHTXHQFH LV RS��V�� 6�� REM� V���RS��V�� 6��

REM�� V������ � ZKHUH ³�³ LV WKH FRQFDWHQDWLRQ RSHUDWRU� DQG V�
LV WKH VWDUW VWDWH� :H GHQRWH WKH VHW RI VWDUW VWDWHV RI D

FRPPDQG VHTXHQFH E\ 67$7(6�� $ ILQLWH FRPPDQG

VHTXHQFH V PD\ EH H[WHQGHG WR DQ LQILQLWH RQH E\ DGGLQJ

³QR�RS´ FRPPDQGV� WKDW GR QRWKLQJ DQG SUHVHUYH WKH

V\VWHP VWDWH� �σ GHQRWHV WKH H[WHQGHG FRPPDQG VHTXHQFH�

,I V� LV D VWDUW VWDWH� �V
�
GHQRWHV WKH FRPPDQG VHTXHQFH

VWDUWLQJ LQ V� DQG FRQVLVWLQJ RQO\ RI QR�RS FRPPDQGV� :H

GHQRWH WKH VHW RI FRPPDQG VHTXHQFHV RI D V\VWHP ZLWK WKH

VWDUW VWDWHV LQ 67$7(6� E\ :�� :KHQHYHU 67$7(6�  

67$7(6� ZH GURS WKH VXEVFULSW ³�´�

$ WUDQTXLO FRPPDQG LV D FRPPDQG WKDW GRHV QRW DOWHU

WKH VHFXULW\ DWWULEXWHV�GDWD RI WKH V\VWHP �H�J�� FUHDWLRQ�

GHOHWLRQ� RU XSGDWH RI UROHV�� $ WUDQTXLO FRPPDQG

VHTXHQFH LV D FRPPDQG VHTXHQFH FRQVLVWLQJ RQO\ RI

WUDQTXLO FRPPDQGV� :H GHQRWH WKH VHW RI WUDQTXLO

FRPPDQG VHTXHQFHV RI D V\VWHP ZLWK WKH VWDUW VWDWHV LQ

67$7(6� E\ 6�� :KHQHYHU 67$7(6�  67$7(6� ZH GURS

WKH VXEVFULSW ³�´�

$ VHFXUH VWDWH LV D VWDWH WKDW VDWLVILHV VRPH ³VWDWH´

SURSHUWLHV� $ VHFXUH FRPPDQG LV D FRPPDQG WKDW VDWLVILHV

VRPH ³WUDQVLWLRQ´ SURSHUWLHV� $ UHDFKDEOH VWDWH LV D VWDWH

DSSHDULQJ LQ D FRPPDQG VHTXHQFH� $ V\VWHP LV VHFXUH LI

DOO LWV UHDFKDEOH VWDWHV DUH VHFXUH DQG DOO FRPPDQGV XVHG

LQ LWV FRPPDQG VHTXHQFHV DUH VHFXUH� ,Q WKLV SDSHU� ZH

FRQVLGHU RQO\ VHFXUH 5%$& V\VWHPV�

7KH SDUWLDO IXQFWLRQ�

DFFHVVBKLVWRU\� 67$7(6u67$7(6u86(56u�
52/(6

u2%-(&76o�23(5$7,216

UHWXUQV WKH RSHUDWLRQV SHUIRUPHG E\ 5%$& XVHUV LQ DOO

VWDWHV EHWZHHQ V� DQG V� ZKHUH VWDWH V LV UHDFKDEOH IURP

VWDWH V�� ,W KDV WKH IROORZLQJ SURSHUWLHV�

�� � � �

� B � � � �^ `� � �

∀ ∈ ∀ ∈ ∀ ∈
∀ ∈ = ∅

V 67$7(6 X 86(56 U 52/(6

REM 2%-(&76 DFFHVV KLVWRU\ V V X U REM

�
�

�

�

� � � � �

� B � � � � � �

B � � � �^ `� ��

∀ ∈ ∀ ∈ ∀ ⊆
∀ ∈ =

∈

V V 67$7(6 X 86(56 UROHVHW 52/(6

REM 2%-(&76 DFFHVV KLVWRU\ V V X UROHVHW REM

DFFHVV KLVWRU\ V V X U REM
U UROHVHW

�

�� � � � �

� � �

� � � � � B � �

B � �

B � � � �^ `� �

B � � � �^ `� � ^ `�

∀ ∈ ∀ ∈
∀ ∈ ∀ ∈ ∀ ∈

∧ = ∧
∈ ⇒

=
∪

V V V 67$7(6 RS 23(5$7,216

6 68%-(&76 X 86(56 U 52/(6

RS V 6 REM V VXEMHFW XVHU 6 X

U VXEMHFW UROHV 6

DFFHVV KLVWRU\ V V X U REM

DFFHVV KLVWRU\ V V X U REM RS

� � �

� �

� �

� �

$Q DSSOLFDWLRQ LV D WXSOH $SS  >2EM6HW� 2S6HW�

3ODQ@� ZKHUH 2EM6HW � 2%-(&76 DQG 2S6HW �

23(5$7,216� 3ODQ LV WKH H[HFXWLRQ SODQ RI WKH

DSSOLFDWLRQ DQG FRQVLVWV RI D ILQLWH VHW RI SDLUV ^�REML�

RSL�_L�^������Q``� ZKHUH Q LV D QDWXUDO QXPEHU� REML LV RQH

RU PRUH REMHFWV RI 2EM6HW� DQG RSL� 2S6HW�

*LYHQ WZR DSSOLFDWLRQV $SSL >2EM6HWL� 2S6HWL� 3ODQL@�

L �� �� ZH GHQRWH WKH QHZ DSSOLFDWLRQ >2EM6HW��2EM6HW��

2S6HW��2S6HW�� 3ODQ��3ODQ�@ E\ $SS��$SS��

$ FRPPDQG VHTXHQFH V�6� H[HFXWHV WKH DSSOLFDWLRQ

$SS �$SS LV H[HFXWHG E\ V� RU V LV DQ H[HFXWLRQ RI $SS��

LI IRU DQ\ SDLU �REM� RS� LQ WKH $SS¶V H[HFXWLRQ SODQ WKHUH

LV D FRPPDQG RS�VN� 6� REM� VN��� LQ V� )RU VLPSOLFLW\� ZH

RPLW RWKHU W\SHV RI DSSOLFDWLRQ H[HFXWLRQV DQG H[HFXWLRQ

SODQV� H�J�� H[HFXWLRQV DQG SODQV WKDW LQFOXGH RUGHU� RU WKDW

H[FOXGH UHGXQGDQW RSHUDWLRQV DQG SULYLOHJHV WR REMHFWV WR

KHOS VDWLVI\ WKH ³OHDVW SULYLOHJH´ SULQFLSOH� :H DOVR XVH

$SS WR GHQRWH WKH VHW RI DOO H[HFXWLRQV V RI $SS�

$ XVHU QHHGV SHUPLVVLRQV WR H[HFXWH WKH RSHUDWLRQV RI

DQ DSSOLFDWLRQ $SS� DQG VLQFH WKHVH SHUPLVVLRQV DV JLYHQ

E\ UROHV� WKH XVHU PXVW DVVXPH WKH QHFHVVDU\ UROHV WR

H[HFXWH $SS� 7KH $0 SURSHUWLHV RI 6R' SROLFLHV VSHFLI\

WKH DVVLJQPHQWV RI UROHV WR DSSOLFDWLRQ RSHUDWLRQV DQG

XVHUV�

���6R'�3URSHUWLHV�LQ�6HFXUH�5%$&�6\VWHPV

,Q WKLV VHFWLRQ� ZH GHILQH D YDULHW\ RI 6R' SURSHUWLHV�

WKHLU UHODWLRQVKLSV LQ VHFXUH 5%$& V\VWHPV� DQG WKHLU

FRPSRVLWLRQ EDVHG RQ SURSHUW\ FRQMXQFWLRQV� $V XVXDO

>��@� ZH GLVWLQJXLVK EHWZHHQ ³VWDWLF´ DQG ³G\QDPLF´ 6R'

SURSHUWLHV�

&ODUN DQG :LOVRQ GHILQHG WKH VWDWLF 6R' E\ WKH UXOH

WKDW� ³HDFK XVHU PXVW EH SHUPLWWHG WR XVH RQO\ FHUWDLQ ���

WUDQVDFWLRQV´ >�@� ,Q D 5%$& HQYLURQPHQW� WKHLU GHILQLWLRQ

LV H[SUHVVHG DV IROORZV�

6WDWLF 6HSDUDWLRQ RI 'XW\ �66R'�� /HW $SS EH DQ

DSSOLFDWLRQ DQG 5ROH6HW LWV DVVLJQHG UROHV LQ D VHFXUH



5%$& V\VWHP� V�6� VDWLVILHV WKH 66R' SURSHUW\ ZLWK

UHVSHFW WR $SS LI DQ\ WZR GLVWLQFW UROHV LQ 5ROH6HW GR QRW

KDYH FRPPRQ PHPEHUV� 6XFK UROHV DUH VDLG WR EH

UHVWULFWHG� )RUPDOO\�

V�66R'�5ROH6HW� $SS��

�U�� U��5ROH6HW� U�zU��

UROHBPHPEHUV�U���UROHBPHPEHUV�U�� ��

:H REWDLQ D VWURQJHU YHUVLRQ RI WKLV SURSHUW\ E\

DGGLQJ WKH UHTXLUHPHQW WKDW WKH WDUJHW REMHFW VHWV RI WZR

UHVWULFWHG UROHV EH GLVMRLQW�

6WULFW 6WDWLF 6HSDUDWLRQ RI 'XW\ �666R'�� /HW

$SS >2EM6HW� 2S6HW� 3ODQ@ EH DQ DSSOLFDWLRQ DQG 5ROH6HW

LWV DVVLJQHG UROHV LQ D VHFXUH 5%$& V\VWHP� V�6�

VDWLVILHV WKH 666R' SURSHUW\ ZLWK UHVSHFW WR $SS LI DQ\

WZR GLVWLQFW UROHV LQ 5ROH6HW� D� GR QR KDYH FRPPRQ

PHPEHUV� DQG E� DUH QRW DXWKRUL]HG WR SHUIRUP RSHUDWLRQV

LQ 2S6HW RQ WKH VDPH REMHFW RI WKH DSSOLFDWLRQ� )RUPDOO\�

V�666R'�5ROH6HW� $SS��
��V VWDWH RI V� �U�� U��5ROH6HW� U�zU��

UROHBPHPEHUV�U�� � UROHBPHPEHUV�U�� � �
^R�2EM6HW~DXWK�V� U�� R��2S6HWz�`�

^R�2EM6HW~DXWK�V� U�� R��2S6HWz�` ���
:H REWDLQ D VWLOO VWURQJHU YHUVLRQ E\ DGGLQJ WKH

UHTXLUHPHQW WKDW HDFK UROH H[HFXWH RQO\ RQH VWHS

�RSHUDWLRQ� RI WKH DSSOLFDWLRQ >��@�

��VWHS 6WULFW 6WDWLF 6HSDUDWLRQ RI 'XW\ ��V666R'��

/HW $SS >2EM6HW� 2S6HW� 3ODQ@ EH DQ DSSOLFDWLRQ DQG

5ROH6HW LWV DVVLJQHG UROHV LQ D VHFXUH 5%$& V\VWHP� V�6�

VDWLVILHV WKH �V666R' SURSHUW\ ZLWK UHVSHFW WR $SS LI D�

DQ\ WZR GLVWLQFW UROHV LQ 5ROH6HW GR QR KDYH FRPPRQ

PHPEHUV� E� DQ\ UROH LQ 5ROH6HW LV DXWKRUL]HG WR SHUIRUP

DW PRVW RQH RSHUDWLRQ RI 2S6HW RQ DSSOLFDWLRQ¶V REMHFWV�

DQG F� DQ\ WZR GLVWLQFW UROHV LQ 5ROH6HW DUH QRW DXWKRUL]HG

WR SHUIRUP RSHUDWLRQV LQ 2S6HW RQ WKH VDPH REMHFW RI WKH

DSSOLFDWLRQ� )RUPDOO\�

V��V666R'�5ROH6HW� $SS��
��V VWDWH RI V� �U� U�� U��5ROH6HW� �REM�2EM6HW�

_DXWK�V� U� REM� �2S6HW_d� �
�U�zU��

UROHBPHPEHUV�U�� � UROHBPHPEHUV�U�� � �
^R�2EM6HW~DXWK�V� U�� R��2S6HWz�`�
^R�2EM6HW~DXWK�V� U�� R��2S6HWz�` ���

&ODUN DQG :LOVRQ >�@� DQG WKHQ RWKHUV� GHILQHG

VHYHUDO ³G\QDPLF VHSDUDWLRQ RI GXW\´ SURSHUWLHV� ,Q DQ

5%$& V\VWHP� D G\QDPLF 6R' SURSHUW\ ZLWK UHVSHFW WR

WKH UROHV DVVXPHG E\ WKH XVHUV �³DFWLYH´ UROHV� FDQ EH

GHILQHG DV IROORZV >�@�

'\QDPLF 6HSDUDWLRQ RI 'XW\ �'6R'�� /HW

$SS >2EM6HW� 2S6HW� 3ODQ@ EH DQ DSSOLFDWLRQ DQG 5ROH6HW

LWV DVVLJQHG UROHV LQ D VHFXUH 5%$& V\VWHP� V�6�

VDWLVILHV WKH '6R' SURSHUW\ ZLWK UHVSHFW WR $SS LI� LQ DQ\

VWDWH RI V� WKHUH LV QR XVHU ZLWK WZR GLVWLQFW UROHV LQ

5ROH6HW HQDEOHG �DFWLYH�� )RUPDOO\�

V�'6R'�5ROH6HW� $SS��

��V VWDWH RI V� �U�� U��5ROH6HW� �X�86(56�

U�zU� � U��FXUUHQWBUROHBVHW�V� X��

U� �FXUUHQWBUROHBVHW�V� X���

1DVK DQG 3RODQG >��@ LQWURGXFHG WKH REMHFW�EDVHG�

G\QDPLF 6R'� DV D PRUH IOH[LEOH DQG UHDOLVWLF DOWHUQDWLYH

WR WKH VWDWLF 6R'� +RZHYHU� WKHLU LQIRUPDO GHILQLWLRQ >���

��@ GRHV QRW VSHFLI\ SUHFLVHO\ ZKLFK REMHFWV� RSHUDWLRQV�

UROHV DUH VXEMHFWHG WR WKH REMHFW�EDVHG 6R' FRQGLWLRQ� 2XU

GHILQLWLRQ UHPRYHV WKHVH DPELJXLWLHV�

2EMHFW�EDVHG '\QDPLF 6HSDUDWLRQ RI 'XW\

�2EM'6R'�� /HW $SS >2EM6HW� 2S6HW� 3ODQ@ EH DQ

DSSOLFDWLRQ DQG 5ROH6HW LWV DVVLJQHG UROHV LQ D VHFXUH

5%$& V\VWHP� V�6� VDWLVILHV WKH 2EM'6R' SURSHUW\ ZLWK

UHVSHFW WR $SS LI� DQ\ XVHU ZKLFK SHUIRUPV DQ RSHUDWLRQ LQ

2S6HW RQ DQ REMHFW RI 2EM6HW LQ D UROH RI 5ROH6HW DV D

FRPPDQG RI V KDV QRW DOUHDG\ SHUIRUPHG DQRWKHU

RSHUDWLRQ RI 2S6HW RQ WKH VDPH REMHFW LQ D UROH RI

5ROH6HW� )RUPDOO\�

V�2EM'6R'�5ROH6HW� $SS��

��V�� V�� V��67$7(6� �U�5ROH6HW� �RS�2S6HW�

�REM�2EM6HW� �6�68%-(&76�

V VWDUWV LQ V��

RS�V�� 6� REM� V�� LV LQ V �

VXEMHFWBUROHV�V�� 6��5ROH6HWz��

DFFHVVBKLVWRU\�V�� V�� VXEMHFWBXVHU�6�� ^U`� REM��

2S6HW � ^RS`��

7KH IROORZLQJ WZR SURSHUWLHV DUH VWDWLF YDULDQWV RI WKH

REMHFW�EDVHG G\QDPLF 6R'� WKH ILUVW IRU VHW RI UROHV ZLWK

FRPPRQ PHPEHUV� DQG WKH VHFRQG IRU VLQJOH UROHV�

2EMHFW�EDVHG 6WDWLF 6HSDUDWLRQ RI 'XW\

�2EM66R'�� /HW $SS >2EM6HW� 2S6HW� 3ODQ@ EH DQ

DSSOLFDWLRQ DQG 5ROH6HW LWV DVVLJQHG UROHV LQ D VHFXUH

5%$& V\VWHP� V�6� VDWLVILHV WKH 2EM66R' SURSHUW\ ZLWK

UHVSHFW WR $SS LI� LQ DQ\ VWDWH V� QR JURXS RI DSSOLFDWLRQ

UROHV ZLWK D FRPPRQ DVVLJQHG XVHU LV DXWKRUL]HG WR

SHUIRUP PRUH WKDQ RQH RSHUDWLRQ RQ HDFK REMHFW RI WKH

DSSOLFDWLRQ� )RUPDOO\�

V�2EM66R'�5ROH6HW� $SS��

�V VWDWH RI V� �5ROH6XEVHW�5ROH6HW� �RS�� RS��2S6HW�

�REM�2EM6HW�

RS�zRS� � UROH PHPEHUV U
U 5ROH6XEVHW

B � �
∈
� z��

^RS�� RS�` 0 DXWK V U REM
U 5ROH6XEVHW

� � � ��
∈
�

3HU�5ROH 2EMHFW�EDVHG 6WDWLF 6HSDUDWLRQ RI 'XW\

�52EM66R'�� /HW $SS >2EM6HW� 2S6HW� 3ODQ@ EH DQ

DSSOLFDWLRQ DQG 5ROH6HW LWV DVVLJQHG UROHV LQ D VHFXUH

5%$& V\VWHP� V�6� VDWLVILHV WKH 52EM66R' SURSHUW\

ZLWK UHVSHFW WR $SS LI� LQ DQ\ VWDWH RI V� QR UROH LQ 5ROH6HW



LV DXWKRUL]HG WR SHUIRUP PRUH WKDQ RQH RSHUDWLRQ RI

2S6HW� )RUPDOO\�

V�52EM66R'�5ROH6HW� $SS��

��V VWDWH RI V� �U�5ROH6HW� �RS�� RS��2S6HW�

�REM�2EM6HW�

RS�zRS�� ^RS�� RS�` 0 DXWK�V� U� REM���

$QRWKHU IOH[LEOH DOWHUQDWLYH WR VWDWLF 6R' LV WKH

RSHUDWLRQDO 6R'� 7KH IROORZLQJ SURSHUW\ LV �D FRUUHFWHG

YHUVLRQ RI WKDW� SUHVHQWHG E\ )HUUDLROR� &XJLQL DQG .XKQ

>�@�

2SHUDWLRQDO 6WDWLF 6HSDUDWLRQ RI 'XW\ �2S66R'��

/HW $SS >2EM6HW� 2S6HW� 3ODQ@ EH DQ DSSOLFDWLRQ DQG

5ROH6HW LWV DVVLJQHG UROHV LQ D VHFXUH 5%$& V\VWHP� V�6�

VDWLVILHV WKH 2S66R' SURSHUW\ ZLWK UHVSHFW WR $SS LI� LQ

DQ\ VWDWH RI V� DQ\ VXEVHW RI UROHV LQ 5ROH6HW ZLWK D

FRPPRQ PHPEHU LV QRW DXWKRUL]HG WR SHUIRUP DOO WKH

RSHUDWLRQV RI 2S6HW �LI PRUH WKDQ RQH�� UHJDUGOHVV RI WKH

WDUJHW REMHFW� )RUPDOO\�

V�2S66R'�5ROH6HW� $SS��

�V VWDWH RI V� �5ROH6XEVHW�5ROH6HW�

_2S6HW_t� � UROH PHPEHUV U
U 5ROH6XEVHW

B � �
∈
� z��

2S6HW 0 DXWK V U REM
U 5ROH6XEVHW

REM 2EM6HW

� � � ��
∈

∈

�

7KH IROORZLQJ YDULDQW RI RSHUDWLRQDO VHSDUDWLRQ RI

GXW\ LV REWDLQHG E\ DSSO\LQJ WKH RSHUDWLRQDO VHSDUDWLRQ RI

GXW\ WR VLQJOH UROHV�

3HU�5ROH 2SHUDWLRQDO 6WDWLF 6HSDUDWLRQ RI 'XW\

�52S66R'�� /HW $SS >2EM6HW� 2S6HW� 3ODQ@ EH DQ

DSSOLFDWLRQ DQG 5ROH6HW LWV DVVLJQHG UROHV LQ D VHFXUH

5%$& V\VWHP� V�6� VDWLVILHV WKH 2S66R' SURSHUW\ ZLWK

UHVSHFW WR $SS LI� LQ DQ\ VWDWH RI V� QR DSSOLFDWLRQ UROH LV

DXWKRUL]HG WR SHUIRUP DOO WKH RSHUDWLRQV RI WKH DSSOLFDWLRQ

UHJDUGOHVV RI WKH WDUJHW REMHFW� )RUPDOO\�

V�52S66R'�5ROH6HW� $SS��

�V VWDWH RI V� �U�5ROH6HW�

_2S6HW_t�� 2S6HW 0 DXWK V U REM
REM 2EM6HW

� � � ��
∈
�

2SHUDWLRQ VHSDUDWLRQ RI GXW\ KDV WKH IROORZLQJ

G\QDPLF YDULDQW�

2SHUDWLRQDO '\QDPLF 6HSDUDWLRQ RI 'XW\

�2S'6R'�� /HW $SS >2EM6HW� 2S6HW� 3ODQ@ EH DQ

DSSOLFDWLRQ DQG 5ROH6HW LWV DVVLJQHG UROHV LQ D VHFXUH

5%$& V\VWHP� V�6� VDWLVILHV WKH 2S'6R' SURSHUW\ ZLWK

UHVSHFW WR $SS LI� LQ DQ\ VWDWH RI V� DQ\ VXEVHW RI UROHV LQ

5ROH6HW HQDEOHG IRU WKH VDPH XVHU LV QRW DXWKRUL]HG WR

SHUIRUP DOO WKH RSHUDWLRQV RI 2S6HW �LI PRUH WKDQ RQH��

UHJDUGOHVV RI WKH WDUJHW REMHFW� )RUPDOO\�

V�2S'6R'�5ROH6HW� $SS��

�V VWDWH RI V� �X�86(56� �5ROH6XEVHW�5ROH6HW�

_2S6HW_t� � 5ROH6XEVHW�FXUUHQWBUROHBVHW�V� X��

2S6HW 0 DXWK V U REM
U 5ROH6XEVHW

REM 2EM6HW

� � � ��
∈

∈

�

6LPRQ DQG =XUNR >��@ KDYH JHQHUDOL]HG ERWK

RSHUDWLRQDO DQG REMHFW�EDVHG G\QDPLF VHSDUDWLRQ RI GXW\

DV WKH KLVWRU\�EDVHG VHSDUDWLRQ RI GXW\� 7KH IRUPDO

YHUVLRQ RI WKHLU SURSHUW\ IROORZV�

+LVWRU\�EDVHG '\QDPLF 6HSDUDWLRQ RI 'XW\

�+'6R'�� /HW $SS >2EM6HW� 2S6HW� 3ODQ@ EH DQ

DSSOLFDWLRQ DQG 5ROH6HW LWV DVVLJQHG UROHV LQ D VHFXUH

5%$& V\VWHP� V�6� VDWLVILHV WKH +'6R' SURSHUW\ ZLWK

UHVSHFW WR $SS LI LQ V� WKH VDPH XVHU FDQQRW SHUIRUP DOO

WKH RSHUDWLRQV LQ 2S6HW RQ WKH VDPH REMHFW RI 2EM6HW LQ

UROHV DVVLJQHG WR WKH DSSOLFDWLRQ� )RUPDOO\�

V�+'6R'�5ROH6HW� $SS��
�� V�� V�� V��67$7(6� �RS�2S6HW� �REM�2EM6HW�

�6�68%-(&76� �X�86(56
V VWDUWV LQ V�� RS�V�� 6� REM� V�� LV LQ V �

X  VXEMHFWBXVHU�6� �
VXEMHFWBUROHV�V�� 6� � 5ROH6HWz� �~2S6HW~t��

2S6HW 0 DFFHVVBKLVWRU\�V�� V�� X� 5ROH6HW� REM� � ^RS`��

7KH IROORZLQJ WKHRUHP VKRZV WKDW� IRU DOO 6R'

SURSHUWLHV H[FHSW WKH 2EMHFW�EDVHG '\QDPLF 6R' DQG

+LVWRU\�EDVHG '\QDPLF 6R'� LI WKH VWDUW VWDWH RI D

FRPPDQG VHTXHQFH VDWLVILHV WKH VWDWH LQYDULDQWV RI WKH

6R' SURSHUW\� WKHQ WKH FRPPDQG VHTXHQFH VDWLVILHV WKH

6R' SURSHUW\� �7KH SURRIV RI DOO WKHRUHPV RI WKLV SDSHU

DUH LQFOXGHG LQ WKH $SSHQGL[��

7KHRUHP �� /HW $SS EH DQ DSSOLFDWLRQ LQ D VHFXUH

5%$& V\VWHP� DQG 3 RQH RI WKH IROORZLQJ 6R'�3

SURSHUWLHV EDVHG RQ $SS� �V666R'� 666R'� 66R'� '6R'�

52EM66R'� 2EM66R'� 52S66R'� 2S66R'� 2S'6R'� /HW

V��67$7(6�� DQG V�6� VWDUWLQJ LQ V�� ,I �V
�
�3 WKHQ V�3�

$V D FRUROODU\� LI �V
�
�3 IRU DOO V��67$7(6�� WKHQ 3 6��

7KH IROORZLQJ WZR WKHRUHPV H[SUHVV WKH 2EMHFW� DQG

+LVWRU\�EDVHG '\QDPLF 6R' SURSHUWLHV E\ HTXLYDOHQW�

PRUH LQWXLWLYH SURSHUWLHV�

7KHRUHP �� /HW $SS >2EM6HW� 2S6HW@ EH DQ

DSSOLFDWLRQ LQ D VHFXUH 5%$& V\VWHP� 5ROH6HW LWV DVVLJQHG

UROHV� DQG V�6�� V�2EM'6R'�5ROH6HW� $SS� LI DQG RQO\ LI

DOO GLVWLQFW RSHUDWLRQV LQ 2S6HW SHUIRUPHG LQ VWDWHV RI V RQ

WKH VDPH REMHFW RI 2EM6HW LQ UROHV RI 5ROH6HW ZHUH

SHUIRUPHG E\ GLVWLQFW XVHUV�

7KHRUHP �� /HW $SS >2EM6HW� 2S6HW@ EH DQ

DSSOLFDWLRQ LQ D VHFXUH 5%$& V\VWHP� 5ROH6HW LWV DVVLJQHG

UROHV� DQG V�6�� 7KH IROORZLQJ VWDWHPHQWV DUH HTXLYDOHQW�

�� V�+'6R'�5ROH6HW� $SS��

�� LI V H[HFXWHV $SS� WKHQ WKH RSHUDWLRQV RI $SS �L�H�� WKH

RSHUDWLRQV LQ 2S6HW RQ REMHFWV LQ 2EM6HW SHUIRUPHG LQ

UROHV LQ 5ROH6HW� DUH H[HFXWHG E\ DW OHDVW WZR GLVWLQFW

XVHUV�



7KH GHILQLWLRQ RI WKH ZLGH YDULHW\ RI 6R' SURSHUWLHV

DERYH UDLVHV WKH TXHVWLRQ DV WR ZKLFK SROLF\ WR LPSOHPHQW

LQ D VHFXUH 5%$& V\VWHP� DQG ZKLFK RI WKH LPSOHPHQWHG

SROLFLHV WR HQIRUFH LQ D JLYHQ DSSOLFDWLRQ� $OWKRXJK WKHVH

TXHVWLRQV FDQQRW EH DQVZHUHG LQGHSHQGHQWO\ RI WKH

DSSOLFDWLRQ DQG V\VWHP FRQWH[W� LW LV KHOSIXO WR H[DPLQH

WKH UHODWLRQVKLSV DPRQJ WKHVH SURSHUWLHV DQG SURSHUW\

FRPSRVDELOLW\ LQGHSHQGHQW RI WKHLU FRQWH[W RI XVH� 7KHVH

UHODWLRQVKLSV KHOS LQ PDNLQJ WKH FKRLFH EHWZHHQ

LPSOHPHQWLQJ D VWURQJHU SURSHUW\� RU D VHW RI FRPSRVDEOH

SURSHUWLHV� LQVWHDG RI D PRUH IOH[LEOH SURSHUW\ WKDW PD\ EH

KDUGHU WR LPSOHPHQW RU DGPLQLVWHU� )RU H[DPSOH� RQH PD\

FKRRVH WR LPSOHPHQW HLWKHU 2EMHFW�EDVHG 6WDWLF 6R' RU

WKH FRPSRVLWLRQ RI SHU�5ROH 2EMHFW�EDVHG 6WDWLF 6R' DQG

'\QDPLF 6R'� LQVWHDG RI 2EMHFW�EDVHG '\QDPLF 6R'

�YL]�� )LJXUH ���

7KH IROORZLQJ WZR WKHRUHPV VXPPDUL]H WKH

UHODWLRQVKLSV DPRQJ� DQG FRPSRVDELOLW\ RI� WKH 6R'

SURSHUWLHV GHILQHG LQ WKLV VHFWLRQ�

7KHRUHP �� /HW $SS EH DQ DSSOLFDWLRQ DQG 5ROH6HW LWV

DVVLJQHG UROHV LQ D VHFXUH 5%$& V\VWHP� $VVXPH WKDW� LQ

HDFK VWDUW VWDWH� WKH VHW UROHBPHPEHUV�U� RI HDFK UROH

U�5ROH6HW LV QRW HPSW\� 7KHQ WKH IROORZLQJ SURSHUWLHV

KROG�

�� �V666R'�5ROH6HW� $SS�� 666R'�5ROH6HW� $SS��

���V666R'�5ROH6HW� $SS�� 2EM66R'�5ROH6HW� $SS��

�� �V666R'�5ROH6HW� $SS�� 2S66R'�5ROH6HW� $SS��

�� 666R'�5ROH6HW� $SS�� 66R'�5ROH6HW� $SS��

�� 66R'�5ROH6HW� $SS�� '6R'�5ROH6HW� $SS��

�� 2EM66R'�5ROH6HW� $SS�� 52EM66R'�5ROH6HW� $SS��

�� 66R'�5ROH6HW� $SS��

�2EM66R'�5ROH6HW� $SS��

52EM66R'�5ROH6HW� $SS���

�� 52EM66R'�5ROH6HW� $SS� � '6R'�5ROH6HW� $SS��

2EM'6R'�5ROH6HW� $SS��

�� 2EM66R'�5ROH6HW� $SS�� 2EM'6R'�5ROH6HW� $SS��

��� 2S66R'�5ROH6HW� $SS�� 52S66R'�5ROH6HW� $SS��

��� 66R'�5ROH6HW� $SS��

�2S66R'�5ROH6HW� $SS��

52S66R'�5ROH6HW� $SS���

��� 52S66R'�5ROH6HW� $SS� � '6R'�5ROH6HW� $SS��

2S'6R'�5ROH6HW� $SS��

��� 2S66R'�5ROH6HW� $SS�� 2S'6R'�5ROH6HW� $SS��

��� 2EM'6R'�5ROH6HW� $SS�� +'6R'�5ROH6HW� $SS��

��� 2S'6R'�5ROH6HW� $SS�� +'6R'�5ROH6HW� $SS��

)LJXUH � LOOXVWUDWHV WKH UHODWLRQVKLSV DPRQJ 6R'

SURSHUWLHV� 7R GHILQH SURSHUW\ FRPSRVLWLRQ� OHW $SS�� $SS�
EH WZR DSSOLFDWLRQV LQ D VHFXUH 5%$& V\VWHP� DQG

5ROH6HW�� 5ROH6HW� WKHLU DVVLJQHG UROHV� DQG OHW 3�  

3��5ROH6HW�� $SS�� DQG 3� 3��5ROH6HW�� $SS�� EH DQ\ WZR

RI WKH 6R' SURSHUWLHV GHILQHG LQ WKLV VHFWLRQ�

'HILQLWLRQ� :H VD\ WKDW SURSHUWLHV 3� DQG 3� DUH

FRPSRVDEOH LI 3��3�z� ZKHQHYHU 3�z� DQG 3�z��
,I 3� DQG 3� DUH FRPSRVDEOH� WKHQ 3�q3� GHQRWHV WKHLU

FRPSRVLWLRQ� $V D SUHGLFDWH� 3�q3�  3��3�� DQG DV D VHW

RI FRPPDQG VHTXHQFHV� 3�q3�  3��3��

7KHRUHP �� ,Q D VHFXUH 5%$& V\VWHP WKDW KDV�

��� DUELWUDU\ VWDUW VWDWHV� 67$7(6�  67$7(6� DQ\ WZR

6R' SURSHUWLHV DUH FRPSRVDEOH�

��� FRQVWUDLQHG VWDUW VWDWHV� 67$7(6� * 67$7(6� WKH 6R'

SURSHUWLHV DUH QRW QHFHVVDULO\ FRPSRVDEOH�

��� D VLQJOH VWDUW VWDWH�~67$7(6�~ �� DQ\ WZR 6R'

SURSHUWLHV DUH FRPSRVDEOH�

7KH FRPSRVLWLRQ RI 6R' SURSHUWLHV LV� DFWXDOO\� D

FRQMXQFWLRQ RI SUHGLFDWHV� DQG DQ LQWHUVHFWLRQ RI VHWV�

+HQFH� WKH IROORZLQJ UHODWLRQV KROG IRU DQ\ VHW RI VWDUW

VWDWHV DQG DQ\ 6R' SURSHUWLHV 3� 4� 5�

,GHPSRWHQF\� 3 LV FRPSRVDEOH ZLWK LWVHOI� DQG 3q3  3�

0RQRWRQLFLW\� ,I 3 LV FRPSRVDEOH ZLWK 4� WKHQ 3q4�3�

&RPPXWDWLYLW\� ,I 3 LV FRPSRVDEOH ZLWK 4� WKHQ 4 LV

FRPSRVDEOH ZLWK 3 DQG 3q4  4q3�
6WUHQJWKHQLQJ� ,I 3�4� 3 LV FRPSRVDEOH ZLWK 5� DQG 4

LV FRPSRVDEOH ZLWK 5� WKHQ 3q5�4q5� 1RWH WKDW WKH

FRPSRVDELOLW\ RI 3 ZLWK 5 GRHV QRW OHDG WR WKH

FRPSRVDELOLW\ RI 4 ZLWK 5 �XQOHVV 3z���
$VVRFLDWLYLW\� ,I 3 LV FRPSRVDEOH ZLWK 4� 3q4 LV

FRPSRVDEOH ZLWK 5� 4 LV FRPSRVDEOH ZLWK 5� DQG 3 LV

FRPSRVDEOH ZLWK 4q5� WKHQ �3q4�q5  3q�4q5�� 1RWH WKDW

WKH FRPSRVDELOLW\ RI 3 ZLWK 4 DQG RI 3q4 ZLWK 5 GRHV QRW

OHDG WR WKH FRPSRVDELOLW\ RI 4 ZLWK 5 �XQOHVV 3 z���

+'6R'

2EM'6R'2EM'6R' 2S'6R'

52EM66R' '6R' 52S66R'

2EM66R' 66R' 2S66R'

666R'

�V666R'

)LJXUH �� 5HODWLRQVKLSV DPRQJ 6R' 3URSHUWLHV

DQG DQG



���$�6LPSOH�&RPSRVLWLRQ�&ULWHULRQ

,Q WKLV VHFWLRQ� ZH GHILQH D VLPSOH FRPSRVLWLRQ

FULWHULRQ IRU 6R' SROLFLHV LQ 5%$& V\VWHPV DQG LOOXVWUDWH

WKH XVH RI WKH FULWHULRQ ZLWK WZR H[DPSOHV�

,Q 6HFWLRQ ���� ZH GHILQHG DQ 6R' SROLF\ DV IROORZV�

6R'�3  6R'�3�$GPLQ�6R'�3��&RPSDW�6R'�3� $SS�

� 5%$&�3

ZKHUH 5%$&�3  5%$&�3 � $GPLQ�5%$&�3�� DQG ERWK

6R'�3 DQG 5%$&�3 DUH FRQMXQFWLRQV RI $7� $0� DQG $$

SURSHUWLHV� 6LQFH ZH DVVXPHG WKDW DOO 6R' SROLFLHV DUH

LPSOHPHQWHG LQ VHFXUH 5%$& V\VWHPV� 5%$&�3 LV

VDWLVILHG DQG� KHQFH�

6R'�3  6R'�3�$GPLQ�6R'�3��&RPSDW�6R'�3� $SS��

ZKHUH $GPLQ�6R'�3� DQG &RPSDW�6R'�3� $SS� DUH

GHILQHG DV IROORZV�

'HILQLWLRQ� &RPSDW�6R'�3� $SS� LV VDWLVILHG LI DQG

RQO\ LI 6R'�3 � $SS z�� L�H�� 6R'�3 LQFOXGHV DW OHDVW D

FRPPDQG VHTXHQFH WKDW H[HFXWHV WKH DSSOLFDWLRQ $SS�

([DPSOH � EHORZ VKRZV WKDW� XQOHVV &RPSDW�3� $SS�

LV VDWLVILHG� FRPSRVLWLRQ RI WZR SROLFLHV FDQQRW JXDUDQWHH

DSSOLFDWLRQ H[HFXWDELOLW\� +HQFH� RPLWWLQJ &RPSDW�3�

$SS� FDQ FDXVH SROLFLHV ZKLFK RWKHUZLVH DUH QRW

FRPSRVDEOH WR DSSHDU WR EH FRPSRVDEOH�

'HILQLWLRQ� $GPLQ�6R'�3� LV VDWLVILHG LI DQG RQO\ LI

�V�67$7(6� �V��67$7(6�� �Z�: VXFK WKDW Z VWDUWV LQ V

� Z UHDFKHV V� � �s0� 6R'�3� L�H�� VWDUWLQJ LQ DQ DUELWUDU\

VWDWH� WKH DGPLQLVWUDWLYH FRPPDQGV KDYH WKH DELOLW\ WR

EULQJ WKH V\VWHP LQ D VWDWH WKDW VDWLVILHV SURSHUW\ 6R'�3�
�

$ YDULDQW RI $GPLQ�6R'�3� PLJKW UHTXLUH WKDW DQ\

VWDWH V��67$7(6� VXFK WKDW �s0� 6R'�3 EH UHDFKDEOH IURP

DQ\ RWKHU VWDWH�

1RWH WKDW WKH SUHGLFDWH ³Z UHDFKHV V�´ RI $GPLQ�6R'�

3� LV QRW WULYLDOO\ VDWLVILHG� H�J�� WKH V\VWHP PD\ QRW

SURYLGH DOO WKH DGPLQLVWUDWLYH FRPPDQGV WR HQVXUH WKDW

FHUWDLQ VWDWHV RI 67$7(6� FDQ EH UHDFKHG�

$V D VHW� 6R'�3  6R'�3 ZKHQHYHU $GPLQ�6R'�3�

DQG &RPSDW�6R'�3� $SS� DUH VDWLVILHG� DQG � RWKHUZLVH�

:KHWKHU $GPLQ�6R'�3� DQG &RPSDW�6R'�3� $SS� DUH

VDWLVILHG UHTXLUHV WKH DQDO\VLV RI ERWK FRPPDQG DQG

DSSOLFDWLRQ FRGH�

/HW $SS� DQG $SS� EH WZR DSSOLFDWLRQV RI D VHFXUH

V\VWHP� DQG OHW 3� 3��$GPLQ�3���&RPSDW�3�� $SS��� 3�

 3��$GPLQ�3���&RPSDW�3�� $SS�� EH WZR 6R' SROLFLHV

IRU DSSOLFDWLRQV $SS� DQG $SS��

'HILQLWLRQ� /HW 3� q3� EH WKH 6R' SROLF\ �3��3���

$GPLQ�3��3���&RPSDW�3��3�� $SS��$SS��� :H VD\ WKDW

������������������������������������������������
� :H QRWH WKDW $GPLQ�6R'�3� DQG &RPSDW�6R'�3� $SS� DUH QRW

SURSHUWLHV RI LQGLYLGXDO FRPPDQG VHTXHQFHV� +HQFH� WKH\ DUH QHLWKHU

³VDIHW\´ QRU ³OLYHQHVV´ SURSHUWLHV LQ WKH VHQVH RI $OSHUQ DQG 6FKQHLGHU

>�@� DQG QRW VXEMHFW WR WKH $EDGL�/DPSRUW FRPSRVLWLRQ SULQFLSOH >�@�

3� LV FRPSRVDEOH ZLWK 3� LI DQG RQO\ LI 3�q3� z �

ZKHQHYHU 3�z� DQG 3�z�� +HQFH�

3� LV FRPSRVDEOH ZLWK 3��

��V��3�� V� H[HFXWHV $SS� � $GPLQ�3� � �

�V��3�� V� H[HFXWHV $SS� � $GPLQ�3���

�V�3��3�� V H[HFXWHV $SS�� $SS� � $GPLQ�3��3����

,I 3� LV FRPSRVDEOH ZLWK 3�� WKHQ 3�q3� LV FDOOHG WKH

FRPSRVLWLRQ RI 3� ZLWK 3� RU WKH HPHUJLQJ SROLF\� DQG WKH

VHW FRPPDQG VHTXHQFHV LV 3��3��

7KH IROORZLQJ SURSHUWLHV RI FRPSRVLWLRQ KROG�

,GHPSRWHQF\� DQ\ SROLF\ 3 LV FRPSRVDEOH ZLWK LWVHOI� DQG

3q3  3�

&RPPXWDWLYLW\� IRU DQ\ WZR SROLFLHV� 3� DQG 3�� LI 3� LV

FRPSRVDEOH ZLWK 3�� WKHQ 3� LV FRPSRVDEOH ZLWK 3� DQG

3�q3�  3�q3��

0RQRWRQLFLW\� IRU DQ\ WZR SROLFLHV 3� DQG 3�� LI 3� LV

FRPSRVDEOH ZLWK 3�� WKHQ 3�q3� � 3��

$VVRFLDWLYLW\� IRU DQ\ WKUHH SROLFLHV� 3�� 3�� 3�� LI 3� LV

FRPSRVDEOH ZLWK 3�� 3�q3� LV FRPSRVDEOH ZLWK 3�� 3� LV

FRPSRVDEOH ZLWK 3�� DQG 3� LV FRPSRVDEOH ZLWK 3�q3��

WKHQ �3�q3��q3�  3�q�3�q3���

7KHRUHP �� /HW $SS� DQG $SS� EH WZR DSSOLFDWLRQV RI

D VHFXUH V\VWHP ZLWK 67$7(6�  67$7(6� DQG 3�  3� �

$GPLQ�3�� � &RPSDW�3�� $SS��� 3�  3� � $GPLQ�3�� �

&RPSDW�3�� $SS�� WZR 6R' SROLFLHV� ,I WKH DSSOLFDWLRQV

$SS� DQG $SS� GR QRW VKDUH UROHV� RSHUDWLRQV� RU REMHFWV�

WKHQ WKH SROLFLHV 3� DQG 3� DUH FRPSRVDEOH�

,Q WKH IROORZLQJ WZR H[DPSOHV ZH LOOXVWUDWH WKH XVH RI

WKH FRPSRVLWLRQ FULWHULRQ� :H VKRZ WKDW QRW DOO 6R'

SROLFLHV DUH FRPSRVDEOH GHVSLWH WKH IDFW WKDW WKHLU 6R'�3

SURSHUWLHV DUH FRPSRVDEOH� )RU VLPSOLFLW\� ZH DVVXPH

WKDW WKH SURSHUWLHV $GPLQ�3��� $GPLQ�3��� DQG $GPLQ�3� �

3� �� ZKHUH 3� DQG 3� DUH WKH WZR 6R'�3 SURSHUWLHV� DUH

VDWLVILHG LQ ERWK H[DPSOHV�

([DPSOH �� /HW SR$SS  >^SXUFKDVH�RUGHU`�

^UHDG�ZULWH� VLJQ� YHULI\�VLJQ`� SR3ODQ@ EH D ³SXUFKDVH�

RUGHU SURFHVVLQJ´ DSSOLFDWLRQ� SDUWLWLRQHG DFFRUGLQJ WR WKH

SODQ SR3ODQ  ^�SXUFKDVH�RUGHU� UHDG�ZULWH�� �SXUFKDVH�

RUGHU� VLJQ�� �SXUFKDVH�RUGHU� YHULI\�VLJQ�`� 7KH XVHU

DVVLJQPHQWV RI WKLV DSSOLFDWLRQ DOORZ D SXUFKDVH RUGHU

FOHUN� EXW QR RWKHU XVHU� WR ZULWH DQG VLJQ SXUFKDVH

RUGHUV� DQG SXUFKDVH RUGHUV EHFRPH YDOLG GRFXPHQWV RQO\

DIWHU WKH\ DUH FRXQWHUVLJQHG E\ DQ DSSURYLQJ DXWKRULW\�

:LWKLQ WKH 5%$& V\VWHP� WKH UROHV RI WKH SXUFKDVH�RUGHU

FOHUN DQG WKDW RI WKH DSSURYDO DXWKRULW\ DUH VHSDUDWHG DQG

WKH XVHUV DUH DVVLJQHG DFFRUGLQJO\� L�H�� WKH RSHUDWLRQV

UHDG�ZULWH DQG VLJQ SXUFKDVH RUGHUV DUH H[HFXWHG E\ D UROH

U�� DQG YHULI\�VLJQ SXUFKDVH RUGHUV LV H[HFXWHG E\ D UROH

U�� )XUWKHUPRUH� WKH SXUFKDVH RUGHU FOHUN DQG WKH DSSURYDO

DXWKRULW\ PD\ QRW EH WKH VDPH XVHU� DQG KHQFH� GLIIHUHQW

XVHUV DUH HQUROOHG LQ U� DQG U� �



7KH IROORZLQJ SURSHUW\ VSHFLILHV ERWK WKH UROH

DVVLJQPHQWV DQG WKH GHVLUHG 6R' SURSHUW\�

SR3  

� � � �
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V U 52/(6 U U U U

H[HFXWH DXWK V U SR$SS

V YHULI\ VLJQ DXWK V U SXUFKDVH RUGHU

UHDG ZULWH DXWK V U SXUFKDVH RUGHU

VLJQ DXWK V U SXUFKDVH RUGHU

66R' U U SR$SS

VWDWH RI

VWDWH RI

σ

σ

� �

�

�

�

� �

3URSHUW\ SR3 LV FRPSDWLEOH ZLWK SR$SS� DQG

FRQVHTXHQWO\ WKH SROLF\ 3�  SR3 � &RPSDW�SR3� SR$SS�

LV QRW HPSW\� 7KH DGPLQLVWUDWRU KDV WR JUDQW WKH

SHUPLVVLRQV UHDG�ZULWH� VLJQ WR WKH UROH U�� DQG YHULI\�VLJQ

WR U�� DQG WR DVVLJQ WZR GLIIHUHQW XVHUV WR UROHV U� DQG U��

/HW DS$SS  >^SXUFKDVH�RUGHU� FKHFN`� ^UHDG�

UHDG�ZULWH� VLJQ`� DS3ODQ@ EH DQ ³DFFRXQWV SD\DEOH´

DSSOLFDWLRQ� SDUWLWLRQHG DFFRUGLQJ WR WKH SODQ DS3ODQ  

^�SXUFKDVH�RUGHU� UHDG�� �FKHFN� UHDG�ZULWH�� �FKHFN�

VLJQ�`� 7KH XVHU DVVLJQPHQWV RI WKLV DSSOLFDWLRQ DOORZ D

FOHUN� EXW QR RWKHU XVHU� WR UHDG SXUFKDVH RUGHUV DQG ZULWH

FKHFNV� EXW WKH FKHFNV PXVW EH VLJQHG E\ DQRWKHU XVHU

ZKR KDV VLJQDWXUH DXWKRULW\� :LWKLQ WKH 5%$& V\VWHP� WKH

UROHV RI WKH FOHUN ZKR ZULWHV FKHFNV DQG WKDW RI WKH FKHFN�

VLJQLQJ DXWKRULW\ DUH VHSDUDWHG DFFRUGLQJO\� L�H�� WKH

RSHUDWLRQV UHDG SXUFKDVH RUGHUV DQG UHDG�ZULWH FKHFNV DUH

H[HFXWHG E\ D UROH U�� DQG VLJQ FKHFNV DUH H[HFXWHG E\ D

UROH U�� )XUWKHUPRUH� WKH FOHUN DQG WKH VLJQDWXUH DXWKRULW\

PXVW QRW EH WKH VDPH XVHU� DQG KHQFH� GLIIHUHQW XVHUV DUH

HQUROOHG LQ U� DQG U�� 7KH IROORZLQJ SURSHUW\ VSHFLILHV

ERWK WKH UROH DVVLJQPHQWV DQG WKH GHVLUHG 6R' SURSHUW\�

DS3  
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V U 52/(6 U U U U

H[HFXWH DXWK V U DS$SS

V V VLJQ DXWK V U FKHFN

V UHDG DXWK V U SXUFKDVH RUGHU

V UHDG ZULWH DXWK V U FKHFN

2EM'6R' U U DS$SS

VWDWH RI

VWDWH VWDWH RI

VWDWH RI

VWDWH RI

σ

σ
σ
σ

� �

�

�

�

� �

3URSHUW\ DS3 LV FRPSDWLEOH ZLWK DS$SS� DQG

FRQVHTXHQWO\ WKH SROLF\ 3�  DS3 � &RPSDW�DS3� DS$SS�

LV QRW HPSW\� 7KH DGPLQLVWUDWRU KDV WR JUDQW WKH

SHUPLVVLRQV UHDG SXUFKDVH RUGHUV� UHDG�ZULWH FKHFNV WR

WKH UROH U�� DQG VLJQ FKHFNV WR U�� DQG DVVLJQ WZR GLIIHUHQW

XVHUV WR UROHV U� DQG U��

2EYLRXVO\� WKH SROLFLHV 3� DQG 3� DUH FRPSRVDEOH

XQGHU WKH FRPSRVDELOLW\ FULWHULD GHILQHG LQ WKLV VHFWLRQ�

WKHUH DUH WUDQTXLO FRPPDQG VHTXHQFHV WKDW H[HFXWH ERWK

DSSOLFDWLRQV DQG VDWLVI\ ERWK SR3 DQG DS3�

([DPSOH �� /HW¶V GHILQH 3� DV LQ ([DPSOH �� DQG OHW

FS$SS  >^SXUFKDVH�RUGHU`� ^UHDG�ZULWH� VLJQ`� FS3ODQ@

EH D ³FHQWUDO SXUFKDVLQJ´ DSSOLFDWLRQ� SDUWLWLRQHG

DFFRUGLQJ WR WKH SODQ LV FS3ODQ  ^�SXUFKDVH�RUGHU�

UHDG�� �SXUFKDVH�RUGHU� UHDG�ZULWH�� �SXUFKDVH�RUGHU�

VLJQ�`� 7KH XVHU DVVLJQPHQWV RI WKLV DSSOLFDWLRQ UHTXLUH

WKDW WKH UHDGLQJ RI WKH GHSDUWPHQWDO SXUFKDVH RUGHUV DQG

WKH ZULWLQJ RI RUJDQL]DWLRQ SXUFKDVH RUGHUV EH VHSDUDWHG

IURP WKH VLJQLQJ RI RUJDQL]DWLRQ SXUFKDVH RUGHU� 7KXV� LQ

WKH 5%$& V\VWHP� WKH ILUVW WZR RSHUDWLRQV DQG WKH ODVW

RSHUDWLRQ RI WKH SODQ DUH H[HFXWHG E\ VHSDUDWH UROHV U� DQG

U�� 7KH IROORZLQJ SURSHUW\ VSHFLILHV WKH UROH DVVLJQPHQWV

DQG WKH GHVLUHG 6R' SURSHUW\�

FS3  
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V U 52/(6 U U U U

H[HFXWH DXWK V U FS$SS

V UHDG ZULWH DXWK V U SXUFKDVH RUGHU

2S66R' U U FS$SS

VWDWH RI

VWDWH RI

σ

σ

� �

�

� �

3URSHUW\ FS3 LV FRPSDWLEOH ZLWK FS$SS� DQG

FRQVHTXHQWO\ WKH SROLF\ 3�  FS3 � &RPSDW�FS3� FS$SS�

LV QRW HPSW\� 7KH DGPLQLVWUDWRU KDV RQO\ WR JUDQW

UHDG�ZULWH SHUPLVVLRQV WR U� DQG VLJQ SHUPLVVLRQ WR U�
�DQG� RI FRXUVH� WR KDYH XVHUV DVVLJQHG WR WKHVH UROHV��

3ROLFLHV 3� DQG 3� DUH QRW FRPSRVDEOH� 7R VDWLVI\ WKH

2S66R' SURSHUW\ RI SROLF\ 3�� V PXVW VWDUW LQ D VWDWH VXFK

WKDW U� GRHV QRW KDYH WKH VLJQ SHUPLVVLRQ� 6XFK D WUDQTXLO

FRPPDQG VHTXHQFH FRXOG QHYHU H[HFXWH SR$SS� EHFDXVH

U� UHTXLUHV WKH VLJQ SHUPLVVLRQ E\ YLUWXH RI SROLF\ 3��

:H QRWH WKDW WKH DGPLQLVWUDWRU FDQ UHGHILQH SROLFLHV

3� DQG 3� WR REWDLQ SROLFLHV 3�¶ DQG 3�¶� ZKLFK DUH

FRPSRVDEOH� 7KLV FDQ EH GRQH E\ PDNLQJ HLWKHU RQH RI WKH

IROORZLQJ FKDQJHV YLD QRQ�WUDQTXLO FRPPDQGV�

� DGG D QHZ UROH LQ 3� DQG JUDQW WKH VLJQ SHUPLVVLRQ WR LW

DQG� DW WKH VDPH WLPH� UHPRYH WKH VLJQ SHUPLVVLRQ IURP U��

RU

� UHSODFH U� LQ 3� ZLWK D QHZ UROH WKDW KDV RQO\ UHDG�ZULWH

SHUPLVVLRQV�

1RWH WKDW� KDG ZH GHILQHG WKH DERYH 6R' SROLFLHV

RQO\ YLD 6R'�3 SURSHUWLHV� DOO WKH SROLFLHV ZRXOG KDYH

DSSHDUHG WR EH FRPSRVDEOH� +RZHYHU� ([DPSOH � DERYH

VKRZV WKDW� ZKHQ FRPSDWLELOLW\ LV WDNHQ LQWR DFFRXQW� WZR

RI WKH 6R' SROLFLHV EHFRPH LQFRPSDWLEOH DQG� KHQFH� QRW

FRPSRVDEOH�

���&RQFOXVLRQV

7KH XVH RI IRUPDOLVP LQ WKH GHILQLWLRQ RI 6R' SURSHUWLHV

KHOSV ��� LGHQWLI\ D ZLGH YDULHW\ RI VXFK SURSHUWLHV� ���

UHPRYH DPELJXLWLHV IURP LQIRUPDO GHILQLWLRQV� DQG ���

HVWDEOLVK KHUHWRIRUH XQNQRZQ UHODWLRQVKLSV DPRQJ WKHVH

SURSHUWLHV� )RUPDO 6R' SROLFLHV ZHUH DOVR GHILQHG XVLQJ

WKH 6R' SURSHUWLHV�

7KH YDULHW\ RI 6R' SURSHUWLHV� ZKLOH RIIHULQJ D ZLGH

FKRLFH RI LPSOHPHQWDWLRQ� VXJJHVWV WKDW QHZ



DGPLQLVWUDWLYH PHWKRGV DQG WRROV DUH QHFHVVDU\ LI WKHVH

SURSHUWLHV DUH WR EH HIIHFWLYHO\ XVHG� 7KLV LV WKH FDVH HYHQ

IRU 5%$& V\VWHPV� ZKLFK RIIHU VLJQLILFDQW VXSSRUW IRU

LPSOHPHQWLQJ 6R' SURSHUWLHV�

$FNQRZOHGJPHQWV

7KLV SDSHU ZDV IXQGHG LQ SDUW E\ WKH 86 'HSDUWPHQW

RI &RPPHUFH� 1DWLRQDO 2FHDQRJUDSKLF DQG $WPRVSKHULF

$GPLQLVWUDWLRQ� XQGHU WKH 6%,5 &RQWUDFW 1R� ���'.1%�

�������� 7KH YLHZV H[SUHVVHG KHUHLQ DUH WKRVH RI WKH

DXWKRUV DQG GR QRW QHFHVVDULO\ UHIOHFW WKH YLHZV RI WKH 86

'HSDUWPHQW RI &RPPHUFH RU DQ\ RI LWV VXE�DJHQFLHV� 7KH

ILUVW DXWKRU ZRXOG OLNH WR WKDQN &� 6HNDU &KDQGHUVHNDUDQ

RI ,%0 &RUSRUDWLRQ IRU KLV LQWHUHVW LQ� DQG VXSSRUW RI�

WKLV ZRUN� :H DOVR WKDQN -RKQ 0F/HDQ IRU KLV KHOSIXO

FRPPHQWV�

5HIHUHQFHV

>�@ $EDGL 0�� DQG /� /DPSRUW� ³&RPSRVLQJ VSHFLILFDWLRQV�´

6WHSZLVH UHILQHPHQW RI 'LVWULEXWHG 6\VWHPV� -� :� GH

%DNNHU� :� 3� GH 5RHYHU� DQG *� 5RVHQEHUJ� HGV�� /HFWXUH

1RWHV LQ &RPSXWHU 6FLHQFH� YRO� ���� 6SULQJHU�9HUODJ�

�����

>�@ $OSHUQ %�� DQG )� 6FKQHLGHU� ³'HILQLQJ OLYHQHVV�´

,QIRUPDWLRQ 3URFHVVLQJ /HWWHUV� YRO� ��� QR� �� 2FW� �����

SS� ��������

>�@ &ODUN '� '�� DQG '� 5� :LOVRQ� ³$ &RPSDULVRQ RI

&RPPHUFLDO DQG 0LOLWDU\ 6HFXULW\ 3ROLFLHV�´ 3URF� RI WKH

���� ,((( 6\PSRVLXP RQ 6HFXULW\ DQG 3ULYDF\� 2DNODQG�

&DOLIRUQLD� ����� SS� ��������

>�@ &ODUN '� '�� DQG '� 5� :LOVRQ� ³(YROXWLRQ RI D 0RGHO IRU

&RPSXWHU ,QWHJULW\�´ LQ 5HSRUW RI WKH ,QYLWDWLRQDO

:RUNVKRS RQ 'DWD ,QWHJULW\� =�*� 5XWKEHUJ DQG :�7� 3RON

�HGV��� 1,67 6SHFLDO 3XEOLFDWLRQ �������� $SSHQGL[ $�

6HSWHPEHU �����

>�@ &RPPRQ &ULWHULD IRU ,QIRUPDWLRQ 7HFKQRORJ\ 6HFXULW\

(YDOXDWLRQ� *,6$� 11&6$� &(6*� 1,67� 16$� 9HUVLRQ

��� 'UDIW� 'HFHPEHU �����

>�@ )HGHUDO &ULWHULD IRU ,QIRUPDWLRQ 7HFKQRORJ\ 6HFXULW\� 9RO�

�� &KDSWHU � DQG $SSHQGL[ &� 9HUVLRQ ���� 1,67 DQG

16$� 'HFHPEHU �����

>�@ )HUUDLROR '�� -� &XJLQL� DQG '� 5� .XKQ� ³5ROH�%DVHG

$FFHVV &RQWURO �5%$&�� )HDWXUHV DQG 0RWLYDWLRQV�´ 3URF�

���� &RPSXWHU 6HFXULW\ $SSOLFDWLRQV &RQIHUHQFH�

'HFHPEHU ����� SS� ��������

>�@ *OLJRU� 9� '�� 6� ,� *DYULOD� DQG -� &XJLQL� ³7KH 5%$&

6HFXULW\ 3ROLF\ 0RGHO´� KWWS���FVSD���QFVO�QLVW�JRY�GLVN��

UEDF�GRFV�PRGHO�SV

>�@ +HFKW� 0� 6�� 0� (� &DUVRQ� &� 6� &KDQGHUVHNDUDQ� 5� 6�

&KDSPDQ� /� -� 'RWWHUHU� 9� '� *OLJRU� :� '� -LDQJ� $�

-RKUL� *� /� /XFNHQEDXJK� DQG 1� 9DVXGHYDQ� ³8QL[

:LWKRXW WKH 6XSHUXVHU�´ 3URF� RI WKH ���� 86(1,;

&RQIHUHQFH� 3KRHQL[� $UL]RQD� -XQH ����� SS� ��������

>��@ +XPPHO� $� $�� .� 'HLQKDUW� 6� /RUHQ]� 9� '� *OLJRU�

³5ROH�%DVHG 6HFXULW\ $GPLQLVWUDWLRQ�´ 6LFKHUKHLW LQ

,QIRUPDWLRQV\VWHPHQ �.� %DXNQHFKW� '� .DUDJLDQQLV� DQG

6� 7HXIHO �HGV���� YGI +RFKVFKXOYHUODJ� (7+ =XULFK� 0DUFK

����� SS� ������

>��@ .DLODU 5�� 9� '� *OLJRU� DQG /� *RQJ� ³6HFXULW\

(IIHFWLYHQHVV RI &U\SWRJUDSKLF 3URWRFROV�´ LQ 'HSHQGDEOH

&RPSXWLQJ IRU &ULWLFDO $SSOLFDWLRQV � �� )� &ULVWLDQ� *�

/H/DQQ� DQG 7� /XQW �HGV��� 6SULQJHU 9HUODJ� ����� SS�

��������

>��@ .RFK� *�� DQG .� /RQH\� 2UDFOH� 7KH FRPSOHWH UHIHUHQFH�

2UDFOH 3UHVV� �����

>��@ 1DVK 0� -�� DQG .� 5� 3RODQG� ³6RPH &RQXQGUXPV

&RQFHUQLQJ 6HSDUDWLRQ RI 'XW\�´ 3URF� ���� ,(((

6\PSRVLXP RQ 6HFXULW\ DQG 3ULYDF\� 2DNODQG� &DOLIRUQLD�

0D\ ����� SS� ��������

>��@ 6DQGKX� 5�� ³7UDQVDFWLRQ &RQWURO ([SUHVVLRQV IRU

6HSDUDWLRQ RI 'XWLHV�´ 3URF� RI WKH �WK $HURVSDFH

&RPSXWHU 6HFXULW\ &RQIHUHQFH� 7XFVRQ� $UL]RQD� 'HF�

����� SS� ��������

>��@ 6LPRQ 5� 7�� DQG 0� (� =XUNR� ³6HSDUDWLRQ RI 'XW\ LQ

5ROH�%DVHG (QYLURQPHQWV�´ 3URF� RI &RPSXWHU 6HFXULW\

)RXQGDWLRQV :RUNVKRS ;� 5RFNSRUW� 0DVVDFKXVHWWV� -XQH

�����

>��@ 7UXVWHG 5HFRYHU\ *XLGHOLQH� 1&6&�7*����� 9HUVLRQ ��

1DWLRQDO &RPSXWHU 6HFXULW\ &HQWHU� 'HFHPEHU� �����

>��@ 8QLILHG ,1)26(& &ULWHULD� ,1)26(& &RQFHSWV� 6HFWLRQ

�� ³'HSHQGHQFLHV DPRQJ 7&6(& 5HTXLUHPHQWV

�XQFODVVLILHG�´� 1DWLRQDO 6HFXULW\ $JHQF\� �����

$SSHQGL[��3URRIV

3URRI RI 7KHRUHP �� :H SURYH WKH WKHRUHP IRU WKH

66R' SURSHUW\� 7KH SURRIV IRU WKH RWKHU SURSHUWLHV DUH

VLPLODU� DQG� IRU VLPSOLFLW\� DUH RPLWWHG� 1RWH ILUVW WKDW WKH

66R' SURSHUW\ LV D VWDWH SURSHUW\� DQG WKDW DOO RWKHU VWDWH

DQG WUDQVLWLRQ SURSHUWLHV DUH 5%$& VSHFLILF� DQG DUH

VDWLVILHG LQ WKH VHFXUH 5%$& V\VWHP� /HW V EH RS��V�� 6��

REM�� V���RS��V�� 6�� REM�� V������� :H NQRZ WKDW V� VDWLVILHV

WKH 66R' SURSHUW\� 6XSSRVH WKDW V
Q
� ZKHUH Qt�� VDWLVILHV

66R'� DQG WKDW V
Q�� GRHV QRW�� 7KLV LPSOLHV WKDW WKHUH DUH

WZR UROHV U�� U�� VKDULQJ D FRPPRQ XVHU X LQ VWDWH V
Q���

7KHUH DUH WZR SRVVLEOH FDVHV�

D� U� DQG U� KDG WKH FRPPRQ XVHU LQ VWDWH V
Q
�

E� WKH FRPPDQG RS�V
Q
� 6

Q��� REM
Q��� V

Q��� FUHDWHG RU

XSGDWHG U� RU U��

&DVH D� LV UHMHFWHG E\ WKH LQGXFWLYH K\SRWKHVLV� DQG

FDVH E� LV FRQWUDGLFWHG E\ V EHLQJ WUDQTXLO� +HQFH� V
Q��

VDWLVILHV 66R'�

3URRI RI 7KHRUHP �� /HW V EH LQ 2EM'6R'�5ROH6HW�

$SS�� DQG OHW V VWDUW LQ V�� :KHQ D XVHU X SHUIRUPV WZR

GLVWLQFW RSHUDWLRQV� RS�� RS� � 2S6HW RQ DQ REMHFW

REM�2EM6HW� LQ UROHV RI 5ROH6HW DQG LQ VWDWHV RI V� WKH

V\VWHP UHDFKHV D VWDWH V RI V VXFK WKDW ^RS�� RS�`�

DFFHVVBKLVWRU\�V�� V� X� 5ROH6HW� REM�� %XW 2EM'6R' DQG

WKH DFFHVVBKLVWRU\ SURSHUWLHV LPSO\ WKDW DFFHVVBKLVWRU\�V��

V� X� 5ROH6HW� REM��^RS�`DQG� KHQFH� ^RS�� RS�`�^RS�`�



FRQWUDGLFWLRQ� &RQYHUVHO\� DVVXPH� E\ ZD\ RI

FRQWUDGLFWLRQ� WKDW V�2EM'6R'� 7KHQ WKHUH LV D VWDWH V LQ

V VXFK WKDW DFFHVVBKLVWRU\�V�� V� X� 5ROH6HW� REM��^RS��

RS�` � ZKHUH X LV D XVHU� REM�2EM6HW� RS�� RS��2S6HW�

7KLV PHDQV WKDW X KDV SHUIRUPHG WZR GLVWLQFW RSHUDWLRQV

RQ WKH VDPH REMHFW RI $SS�

3URRI RI 7KHRUHP �� 6LPLODU WR WKH SURRI RI

7KHRUHP ��

3URRI RI 7KHRUHP ��

�� 7KLV LV D FRQVHTXHQFH RI WKH WZR 6R' GHILQLWLRQV�

�� 7KH �V666R' SURSHUW\ VD\V WKDW 5ROH6HW KDV QR UROHV

ZLWK FRPPRQ UROH PHPEHUV� VR WKDW D 5ROH6XEVHW LQ WKH

2EM66R' FRQGLWLRQ LV UHGXFHG WR D VLQJOH UROH� $OVR E\

VV66R'� WKDW UROH LV DXWKRUL]HG WR DW PRVW RQH RSHUDWLRQ RI

2S6HW�

�� $V EHIRUH� WKH �V666R' SURSHUW\ UHGXFHV D 5ROH6XEVHW

ZLWK FRPPRQ UROH PHPEHUV WR D VLQJOH UROH� ZKLFK LV

DXWKRUL]HG WR SHUIRUP DW PRVW RQH RSHUDWLRQ RI 2S6HW�

&RQVHTXHQWO\� 2S6HW ZLWK D FDUGLQDOLW\ RI DW OHDVW � FDQQRW

EH D VXEVHW RI WKH DXWKRUL]HG SHUPLVVLRQV RI WKDW VLQJOH

UROH�

�� 7KLV LV D FRQVHTXHQFH RI WKH WZR 6R' GHILQLWLRQV�

�� 7KH UROHV HQDEOHG �DFWLYH� IRU D XVHU PXVW EH DPRQJ

WKRVH DVVLJQHG WR WKDW XVHU� 7KXV� LI WZR UROHV KDYH QR

FRPPRQ PHPEHUV� WKH\ FDQQRW KDYH FRPPRQ DFWLYH

XVHUV�

�� /HW U EH D UROH LQ 5ROH6HW� RS�zRS� WZR RSHUDWLRQV LQ

2S6HW� DQG REM LQ 2EM6HW� ,I ZH DSSO\ WKH 2EM66R'

SURSHUW\ WR 5ROH6XEVHW ^U`� ZH JHW DV D FRQFOXVLRQ ^RS��

RS�` 0 DXWK V [ REM
W[ 5ROH6XEVH

� � � �
∈
�  DXWK�V� U� REM��

�� $VVXPLQJ WKDW 66R' KROGV� ZH KDYH WR SURYH WKH

FRQYHUVH RI �� /HW 5ROH6XEVHW EH D VXEVHW RI UROHV LQ

5ROH6HW ZLWK FRPPRQ PHPEHUV� 66R' LPSOLHV WKDW

5ROH6XEVHW LV UHGXFHG WR D VLQJOH UROH� )RU VXFK

5ROH6XEVHW� WKH 2EM66R' DQG 52EM66R' FRQGLWLRQV

FRLQFLGH�

�� /HW V EH D FRPPDQG VHTXHQFH VWDUWLQJ LQ V� DQG

VDWLVI\LQJ WKH 52EM66R' DQG '6R' SURSHUWLHV� DQG RS�V��

6� REM� V�� D FRPPDQG RI V� ZLWK U�VXEMHFWBUROHV�V��

6��5ROH6HWz�� REM�2EM6HW� RS�2S6HW�$VVXPH� E\ ZD\

RI FRQWUDGLFWLRQ� WKDW WKHUH LV D UROH U��5ROH6HW DQG DQ

RSHUDWLRQ RS��2S6HW� RS�zRS� VXFK WKDW

RS��DFFHVVBKLVWRU\�V�� V�� VXEMHFWBXVHU�6�� ^U�`� REM��

(LWKHU U U�� DQG WKLV PHDQV WKDW LQ D VWDWH V RI V ^RS�

RS�`�DXWK�V� U� REM�� ZKLFK FRQWUDGLFWV 52EM66R'� RU

UzU�� DQG WKLV PHDQV WKDW VXEMHFWBXVHU�6� LV DFWLYH LQ ERWK

U DQG U� LQ D VWDWH RI V� ZKLFK FRQWUDGLFWV '6R'�

�� /HW V EH D FRPPDQG VHTXHQFH VWDUWLQJ LQ V� DQG

VDWLVI\LQJ WKH 2EM66R' SURSHUW\� DQG RS�V�� 6� REM� V�� D

FRPPDQG RI V� ZLWK U�VXEMHFWBUROHV�V�� 6��5ROH6HWz��

REM�2EM6HW� RS�2S6HW� $VVXPH� E\ ZD\ RI FRQWUDGLFWLRQ�

WKDW WKHUH LV D UROH U��5ROH6HW DQG DQ RSHUDWLRQ

RS��2S6HW� RS�zRS� VXFK WKDW RS��DFFHVVBKLVWRU\�V�� V��

VXEMHFWBXVHU�6�� ^U�`� REM�� :H FRQFOXGH WKDW

VXEMHFWBXVHU�6� � UROHBPHPEHUV�U� � UROHBPHPEHUV�U���

DQG ^RS� RS�` � DXWK�V�� U� REM� � DXWK�V�� U�� REM�� ZKLFK

FRQWUDGLFWV WKH 2EM66R' SURSHUW\�

��� /HW V EH D FRPPDQG VHTXHQFH VDWLVI\LQJ WKH 2S66R'

SURSHUW\� /HW _2S6HW_t� DQG VXSSRVH E\ ZD\ RI

FRQWUDGLFWLRQ WKDW WKHUH LV D UROH U�5ROH6HW DQG D VWDWH V RI

V VXFK WKDW 2S6HW � DXWK V U REM
REM 2EM6HW

� � � �
∈
� � /HW XV

FKRRVH 5ROH6XEVHW  ^U`� 7KH SUHFHGLQJ LQFOXVLRQ FDQ EH

ZULWWHQ DV 2S6HW � DXWK V [ REM
[ 5ROH6XEVHW

REM 2EM6HW

� � � �
∈

∈

� � ZKLFK

FRQWUDGLFWV WKH 2S66R' SURSHUW\�

��� ,I V VDWLVILHV WKH 66R' SURSHUW\� DQ\ 5ROH6XEVHW ZLWK

FRPPRQ PHPEHUV LV UHGXFHG WR D VLQJOH UROH� DQG IRU VXFK

VXEVHWV WKH 2S66R' DQG 52S66R' FRQGLWLRQV DUH

HTXLYDOHQW�

��� /HW V EH D FRPPDQG VHTXHQFH WKDW VDWLVILHV WKH '6R'

DQG 52S66R' SURSHUWLHV� %HFDXVH RI '6R'� DQ\

5ROH6XEVHW ZLWK FRPPRQ DFWLYH XVHUV �DV UHTXLUHG E\ WKH

2S'6R' SURSHUW\� LV UHGXFHG WR D VLQJOH UROH� 5ROH6XEVHW

 ^U`� 7KH 2S'62' FRQGLWLRQ 2S6HW

0 DXWK V [ REM
[ 5ROH6XEVHW

REM 2EM6HW

� � � �
∈

∈

� PD\ EH ZULWWHQ 2S6HW

0 DXWK V U REM
REM 2EM6HW

� � � �
∈
� � ZKLFK LV WUXH E\ WKH 52S66R'

SURSHUW\�

��� /HW V EH D FRPPDQG VHTXHQFH WKDW VDWLVILHV WKH

2S66R' SURSHUW\� DQG 5ROH6XEVHW D VXEVHW RI 5ROH6HW

ZLWK FRPPRQ DFWLYH XVHUV� 7KHQ 5ROH6XEVHW DOVR KDV

FRPPRQ PHPEHUV� ,I ZH DVVXPH _2S6HW_t� DQG DSSO\

2S66R'� ZH JHW H[DFWO\ WKH FRQFOXVLRQ RI 2S'6R'�

��� /HW V EH D FRPPDQG VHTXHQFH WKDW VWDUWV LQ V� DQG

VDWLVILHV WKH 2EM'6R' SURSHUW\� _2S6HW_t�� DQG RS�V�� 6�

REM� V�� D FRPPDQG LQ V ZLWK RS�2S6HW� REM�2EM6HW�

U�VXEMHFWBUROHV�6� � 5ROH6HW� $VVXPH� E\ ZD\ RI

FRQWUDGLFWLRQ WKDW 2S6HW � DFFHVVBKLVWRU\�V�� V�� X�

5ROH6HW� REM��^RS`� 7KHUH PXVW EH RS��2S6HW� RS�zRS�

DQG U��5ROH6HW� VXFK WKDW RS��DFFHVVBKLVWRU\�V�� V��

VXEMHFWBXVHU�6�� ^U�`� REM�� ZKLFK FRQWUDGLFWV WKH

2EM'6R' SURSHUW\�

��� /HW V EH D FRPPDQG VHTXHQFH WKDW VWDUWV LQ V� DQG

VDWLVILHV WKH 2S'6R' SURSHUW\� _2S6HW_t�� DQG RS�V�� 6�

REM� V�� D FRPPDQG RI V VXFK WKDW RS�2S6HW� REM�2EM6HW�

U�VXEMHFWBUROHV�6� � 5ROH6HW� 6XSSRVH E\ ZD\ RI

FRQWUDGLFWLRQ WKDW 2S6HW � DFFHVVBKLVWRU\�V�� V��

VXEMHFWBXVHU�6�� 5ROH6HW� REM��^RS`� %XW

DFFHVVBKLVWRU\�V�� V�� VXEMHFWBXVHU�6�� 5ROH6HW� REM� �

DXWK V [ REM
[ 5ROH6HW

� � � ��∈
� � DQG RS�DXWK�V�� U� REM��



&RQVHTXHQWO\� 2S6HW� DXWK V [ REM
[ 5ROH6HW

� � � ��∈
� � ZKLFK

FRQWUDGLFWV WKH 2S'6R' SURSHUW\�

3URRI RI 7KHRUHP ��

��� /HW 3� DQG 3� EH WZR 6R' SURSHUWLHV� ,I ZH FDQ

ILQG D VWDUW VWDWH V� VDWLVI\LQJ WKH VWDWH LQYDULDQWV RI ERWK 3�

DQG 3�� WKHQ FOHDUO\ �s0�3��3�� :H QRWH WKDW LI WKH UROHV

DVVLJQHG WR DQ DSSOLFDWLRQ VDWLVI\ D 6R' SURSHUW\ 3� WKHQ

DIWHU UHYRNLQJ D SHUPLVVLRQ IURP RQH RI WKH UROHV RU

UHPRYLQJ D PHPEHU IURP RQH RI WKH UROHV� WKH\ VWLOO VDWLVI\

3� 1RZ� VWDUWLQJ LQ DQ DUELWUDU\ VWDWH ZLWK WKH FXUUHQW

UROHV� DQG WKURXJK SRVVLEO\ QRQ�WUDQTXLO FRPPDQGV� ZH

FDQ UHYRNH SHUPLVVLRQV RQH E\ RQH DQG�RU UHPRYH

PHPEHUV RQH E\ RQH IURP WKH $SS�¶V UROHV XQWLO ZH UHDFK

D VWDWH WKDW VDWLVILHV 3�� ,W LV DOZD\V SRVVLEOH WR GR WKDW�

EHFDXVH WKH HPSW\ UROH �ZLWKRXW SHUPLVVLRQV� ZLWK QR

PHPEHUV VDWLVILHV DQ\ 6R' SURSHUW\� 7KHQ� ZH FDQ DSSO\

WKH VDPH SURFHGXUH WR $SS�¶V UROHV� XQWLO ZH UHDFK D VWDWH

WKDW VDWLVILHV 3� �DQG 3��� 7KLV QHZ VWDWH� ZKLFK VDWLVILHV

ERWK 3� DQG 3�� LV WKH QHZ VWDUW VWDWH�

��� /HW $SS� >^REM�`� ^RS�� RS�`� SODQ�@�

$SS� >^REM�`� ^RS�� RS�`� SODQ�@ EH WZR DSSOLFDWLRQV LQ D

VHFXUH 5%$& V\VWHP� DQG 5ROH6HW� ^U�� U�`� 5ROH6HW�  

^U�� U�` WKHLU DVVLJQHG UROHV� /HW 67$7(6�  ^V�c� V�s`� ZLWK

WKH VWDWHV V�c� V�s VXFK WKDW�

� LQ V�c� U� DQG U� GR QRW KDYH FRPPRQ DVVLJQHG XVHUV� DQG

U� KDV SHUPLVVLRQV RS�� RS�� DQG

� LQ V�s� U� DQG U� KDYH D FRPPRQ DVVLJQHG XVHU� DQG U� KDV

RQO\ SHUPLVVLRQ RS�� DQG U� KDV RQO\ SHUPLVVLRQ RS��

7KHQ� 3� 66R'�5ROH6HW�� $SS��z�� 3� 52S66R'

�5ROH6HW�� $SS�� z�� EXW 3��3�  �� ,QGHHG� DQ\ WUDQTXLO

FRPPDQG VHTXHQFH VWDUWLQJ LQ V�c VDWLVILHV 3� EXW QRW 3��

DQG DQ\ WUDQTXLO FRPPDQG VHTXHQFH VWDUWLQJ LQ V�s

VDWLVILHV 3� EXW QRW 3��

��� 3� 66R'�5ROH6HW�� $SS��z� DQG 3� 52S66R'

�5ROH6HW�� $SS�� z� PHDQV WKDW WKH VWDUW VWDWH V� VDWLVILHV

3��3�� $W OHDVW �s0�3��3��

3URRI RI 7KHRUHP �� 6XSSRVH WKDW �V��3�� V�

H[HFXWHV $SS� � �V��3�� V� H[HFXWHV $SS�� +HQFH� WKHUH

DUH VWDUW VWDWHV V�c VDWLVI\LQJ 3� DQG V�s VDWLVI\LQJ 3�� 7KHQ�

VWDUWLQJ IURP V�c� IRU H[DPSOH� DQG XVLQJ SRVVLEO\ QRQ�

WUDQTXLO WUDQVLWLRQV� ZH FDQ UHDFK D VWDWH V� VDWLVI\LQJ ERWK

3� DQG 3� �WKHLU FRQVWUDLQWV GR QRW LQWHUIHUH�� 7DNLQJ V� DV

VWDUW VWDWH� ZH FDQ DSSO\ WKH FRPPDQGV RI V� H[HFXWLQJ

$SS�� WKHQ WKH FRPPDQGV RI V� H[HFXWLQJ $SS�� ZKLFK

DJDLQ GR QRW LQWHUIHUH�


